COPY  NO. 


hIEW  YORK  UNIVERSITY 

INSTITUTE  OF  MATHEMATICAL  SCIENCES 

LIBRARY 

4  Washington  Place,  New  York  3,  N.  Y_ 


NEW  YORK  UNIVERSITY 
INSTITUTE   OF 
MATHEMATICAL  SCIENCES 


IMM-NYU  212 
AUGUST  1954 


Perturbation  Theory  of  Eigenvalue  Problems 


F.  RELLICH 


Research   in   the   Field   of   Perturbation   Theory 
and   Linear   Operators 

TECHNICAL   REPORT   NO.    1 


CONTRACT   NO.    D  A- 3  0- 0  69- ORD  - 1  2  5  8 
RAD    PROJECT   NO.    T  B  2  -  0  0  0  1  -  (  9  8  3  ) 


PREPARED    UNDER   THE   SPONSORSHIP    OF 
ARMY   OFFICE   OF   ORDNANCE   RESEARCH 


IMM-NYU  212 
August   195U 


PEHTURBATION  THEORY   OF  EIGENVALUE   PROBLEMS 

by 

p.   Rellich 


Contract  No.  DA-30-069-0RD-1258 
RAD  Project  No.  TB2-OOOl-(983 ) 

Research  in  the  field  of  Perturbation  Theory 
and  Linear  Operators 

Technical  Report  No.  1 

September  1,  1953  to  August  31,  19$k. 


This  report  represents  results  obtained  at  the 
Institute  of  Mathematical  Sciences,  New  York 
University,  under  the  sponsorship  of  the  Army 
Office  of  Ordnance  Research. 


New  York,  19Sk. 


J .  • 


PERTURBATION  THEORY  OF  EIGENVALUE  PROBLEMS 
Table  of  Contents 

Introduction 

§1.  A  small  perturbation  parameter  does  not  mean 

a  small  perturbation 1 

1^2.   A  term  of  second  order  in  the  perturbation  parameter 

cannot  always  be  neglected  in  comparison  with  the  first 
order  term l!4- 

*^^3»   Smallness  of  the  perturbation  term  means  smallness 

in  comparison  to  the  unperturbed  operator  16 

'ifl\..      The  character  of  the  perturbation  may  depend  on 
the  sign  of  the  perturbation  parameter  (String 
with  small  stiffness) 17 

y5.   Non-analytic  perturbation  2l\. 

Chapter  I.   Finite  Dimensional  Space 

^1.   If  the  operator  is  a  convergent  power  series  in  the 
perturbation  parameter,  then  so  are  the  eigenvalues 

and  eigenvectors  3^ 

§2.   Several  analytic  parameters  i|7 

{b3.   Non-analytic  perturbation ^0 

<^i;.   The  least  eigenvalue  is  a  convex  function  of  a 

linear  perturbation  parameter  ^5 

<^'S»      Diff erentlable  dependence  on  the  perturbation  para- 
meter    56 


Chapter  II,   Perturbation  of  the  Discrete  Spectrum 

<§1,   Power  series  In  Hilbert  Space  70 

<J2.   Perturbation  of  an  isolated  eigenvalue  of  finite 

multiplicity  of  a  bounded  operator  «... 76 

03.   Essentially  self-adjoint,  and  self-adjoint, 

operators 85 

^ll»      Closeable  operators  89 

^S»      Regular  (not  necessarily  bounded)  operators  9lj. 

^6,   Examples  and  more  criteria IO3 

67.   The  inequality  c  j  r'^+luj  ^dT  <  ^  |ZSu|^d(E 121 

98 .   Hermitian  forms  13^1- 

'^9«  A  criterion  for  regularity  involving  forms  instead 

of  operators  1^7 

910,  Are  the  perturbed  eigenfunctions  complete?  1^0 

Appendix  I60 

Bibliography  I63 


The  present  report  represents  notes  of  lectures  on  the 
theory  of  perturbations  delivered  by  Professor  F.  Rellich  at 
I'lew  York  University,  fall  1953*   These  notes  were  prepared 
with  the  assistance  of  Dr.  J.  Berkowitz. 

The  notes  may  serve  as  the  first  introductory  text  to 
the  mathematical  theory  of  pe:"turbation  of  linear  operators. 

So  far  there  does  not  exist  any  text  within  this  field 
in  any  language.   V^'-rious  original  research  papers  are 
scattered  in  the  mathematical  and  physical  journals;  moreover 
a  good  many--and  some  of  the  most  important--of  these  papers 
are  not  in  English,   some  vjorks  on  perturbation  theory  are 
concerned  vrith   rather  abstract  operator-theoretic  questions 
for  their  intrinsic  interest,  while  others  are  concerned  with 
application  of  the  perturbation  theory  formalism  to  concrete 
problems  arising  in  the  physical  sciences.   The  presentation 
here  strikes  a  middle  course  in  formulating  the  abstract 
theory  in  such  a  way  that  it  lends  itself  to  applications 
involving  differential  operators.   A  variety  of  special 
problems  are  considered  to  indicate  the  nature  of  typical 
results  and  to  offer  some  unsolved  mathematical  problems  that 
have  not  as  yet  yielded  to  the  general  theory. 

Among  the  specific  features  of  the  work  presented  in 
these  notes  we  mention  the  follov/ing: 

A  special  example  of  non-analytic  perturbation  is 
studied  in  detail  to  demonstrate  how  pertxirbation 
considerations  can  sometimes  be  used  to  shed  light  on  the 
physical  significance  of.  some  aspect  of  a  mathematical  model 
of  a  physical  system  (cf.  pp.  214.-35 ). 

Possible  extension  of  perturbation  theory  to  problems 
involving  more  than  one  perturbation  parameter  is  studied, 
and  some  of  the  difficulties  therein  are  described. 
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The  new  results  obtained  by  F.  Relllch  and  presented  In 
these  notes  are  the  following: 

It  is  proved  (cf.  p.  5^)  that  the  least  eigenvalue  is 
a  convex  function  of  a  linear  perturbation  parameter. 
Garabedian  and  Schiffer  had  made  use  of  this  fact  in  certain 
special  cases,  but  Rellich  observed  that  the  result  obtains 
in  general  with  virtually  the  same  proof.   Although  in  this- 
report  a  proof  is  given  only  in  the  finite  dimensional  case, 
Relllch  has  proved  the  appropriate  analogous  statement  for 
Hermitian  operators  in  infinite  dimensional  Hilbert  space; 
a  paper  on  this  result  will  be  forthcoming. 

A  further  new  result  (cf.  pp.  56-69)  is  this:   Suppose 
A(e)  is  a  Hermitian  operator  on  a  finite  dimensional  Hilbert 
space,  and  if  A(e)  has  a  continuous  derivative  for  real 
values  of  e,  then  eigenvalues  of  A(e)  can  be  arranged  so  that 
they  are  continuously  differentiable  functions  of  e.   The 
proof  of  this  fact  involves  rather  intricate  real-variable 
considerations . 

The  inequality  c  j  r"^lul^  d'i^  <  {'  \/\^\^<^'^    was 

discovered  and  investigated  by  F.  Relllch  (cf.  pp.  121-131^.). 
The  best  constant  c  for  which  the  inequality  holds  is  given 

by  c  =   ~^L   '^■-  >  vjhere  m  is  the  dimension  of  the  space  of  the 
Independent  variables,  except  in  the  case  m  =  2.   The  proof 
involves  expanding  u  in  terms  of  spherical  harmonics  of 
dimension  m,  and  then  a  careful  examination  of  the  terms. 
The  method  of  proof  has  quite  general  interest.   A  host  of 
related  inequalities  can  be  established,  v;hi3h  have  bearing 
on  the  theory  of  partial  differential  equations.   The 
motivation  for  the  study  of  this  inequality  in  the  context  of 
these  notes  is  to  verify  a  criterion  for  the  "regularity"  of  a 
perturbation  in  a  problem  arising  from  the  theory  of  elasticity, 

K.  0.  Priedrichs 


F.  Rolllc.h  !• 

PER  TUR  BAT  I  Oil  THEORY  OP  EIGIillVALUE  PROBLEMS 
In  ti'_odu  ction 

Perturbation  methods  attenpt  to  solve  a  given  problem 
by  approximating  it  by  simpler  problems  whose  solutions  are 
more  or  less  explicitly  l:nox-rn. 

In  eigenvalue  problems  the  perturbation  method  yields 
nijimerical  results  comparatively  quickly  provided  you -are 
satisfied  with  approximations  of  low  order.   However,  even 
in  problems  which  appear  to  be  very  simple,  it  might  be 
difficult  to  ascertain  "jhether  or  not  the  method  applied 
would  converge  if  continued  ad  infinitum  or  to  ostii'.iato  the 
error  incurred  at  stopping  at  a  certain  order  of  approxima- 
tion.  Sometimes  the  method  obviously  does  not  convcrg3--at 
least  not  in  the  usual  sense j  then  there  is  the  problem  of 
trying  to  interpret  the  results  computed,  if  they  have  any 
significance  at  all.   The  following  cxaraplos  illustrate  the 
mathematical  problems  involved  in  these  questions. 

§  1 .   A  small  perturbatio^n  parameter  docs  not  mean  a  small 
perturbation. 
V/c  consider  the  eigenvalue  problem 

00 

r  e'''^'"''^'  u(y)dy  =  \u(x)  ,     -co  <  x  <  +cx. 
^-co 

Bj   a  point  eigenvalue  wo  mean  any  niambcr  \  for  VEiich  there 
exists  a  (possibly  complex-valued)  solution  u(x)^  0  of  this 

CO 

Integral  equation  such  that  f        lui  dx  <  oo.   (integration 

hero  is  londerstood  to  be  in  the  sense  of  Lebcsgue.)   The 
function  u(x)  is  called  an  eigonf unction  belonging  to  X.   Wo 
use  the  name  "point  eigenvalue"  rather  than  just  "eigenvalue" 
to  emphasize  the  fact  that  vjc  do  not  mean  the  points  of  the 


2. 


contin-aous  spectrum  (which  happens  to  be  absent  in  this 
simple  example).   It  is  a  siinple  matter  to  find  all  the 
point .eigenvalues  in  this  example.   Suppose  X  is  an  eigen- 
value; then 

-Ixi 


\u(x)  =  ce 


where 


c  = 


^  -\-t{ 

e  ''''  u(7)dy 


-00 


Hence 


00  oo     ,  , 

\  r  e"'^'  u(::)d:r  =  c  j^  e"^''"'  dx  =  c 


"-00  ^-  oo 

and  conseqiiently 

Xc  =  c 

-ixi 

If  c  7^  0  then  \  =  1  and  <fo^"^  =  e     is  an  eigenfuriction 

belonging  to  \  =  1.   If  c  =  0  then  \  =  0,  for  otherwise 
u(x)  =  0  which  is  not  possible  for  an  eigenfunction,   Thuf 

every  function  <t)(x)  with  c{)(x)  ^  0,  C       !  (j)  i  dj:  <  co  ,  and 
CO   _i  j  ^-oc. 

f   e"''^   (j)(x)dx  =  0  is  an  eigenfunction  belonging  to  the 
^-oo 

point  eigon\'alue  \  -   '.,      An  arbitrary  function  f(x)  with 

ZIf  i   d;<:  <  CO  can  bo  "oxioanded''  in  the  form 

f  (::)  =  r^^olx)  +  (b(x)   , 
with 

00 

r 

f.  = 


c{)^(x)f(x)d^r    , 


xrhere  cj)^  and  (j)  are  oigenf '-inctions  belonging  to  \   -   1  and  to 
X  =  0,  respectively.   The  point  eigenvalue  ?\.  =  1  is  simple 
(non-degenerate)  whereas  X  =  0  is  of  infinite  multiplicity. 


3. 

VJe   now  tui^n    to    bhe   eigenvalue   problem 

OD 

fL .  !  _  I  ^  I 
e    '^'     '-y'    u(")dy  +  8xu(x)    =  Xu(x)      ,         -oo  <  ;:  <   +00 
-00 

Kith  e  a  given  real  niu'iocr.   Assuming  e  small,  v/e  seek  a 
point  eigenvalue  \  =   \(e)  and  a  corresponding  eigenfunctlon 
u  =  u(x;e)  of  the  forrri 

2 
\  =  \  +  eX-,  +6^2  ■*■•••'   \  =  1   ; 

2 ,  - i- j    ■ 

u  =  (1)^  +  ecj)^  •;-  e  (j)2  +  ...  ,    9o  "=  '^ 

If  wc  introduce  the  abbreviation 

00 
Au  =  f  c"'-'^''''''  u(y)d7   ,   Bu  =  xu{r.) 

^-00 

we  have 

(A+  eB)((i)^+  eti"*"  •••'  ~  (^o"^  ^^i"^  •••'('?q+  "-ti"^  •••) 

If  the  convergence  of  .])^+  z<^-^  +   ...  is  good  enough  to  perr.dt 
the  terra  by  term  multiplication 

(A+  e3)((f)Q+  e(}^^+  ...)  =  A(|>^+  e(  Bcj)^  +  A(|)-,  )  +  . . . 

then  we  obtain  the  equations: 

^  o    0^0 

'1     0^1     Itq     'O   ' 
^^2  "  ^0^2   ^  ^2^'o   ^   ^1*1  "  ^-^1   ' 

^^n  "  '^o^n  "  Mo  -^  Vl'f'l-'  •••^^I'^'n-l  "  %-l 


..     /      -      *• 


The  first  equation  provides  no  now  information;  it  is 


satisfied  hy  \     =  1,  6   =  c  '    ,      The  remaining  equations  are 
"   o       '  o 

of  the  form 


consequently  we  have 

using  hero  the  "inner  prod-act" 

00 

(g,f)  =  f  g(x)f(x)dx 

^-co 

Evidently 


-!-Ulvi 

because  the  kernel  e      "^      of  the  integral  operator  A  is 
syiimetrlc  in  x  and  y.   Thiis 

i^o'^^    =   (t.^Hi^-^^^'t^o'^n)  =  ^    ' 
and  therefore 

n^^o*"o'^   n-l'To»T]i^/        l^^o*^n-l    'o*  t^-I' 

^  ^  ^  •  •  •        • 

Per  n  =  1,  wo  find 

^1  =  ^^o'S^o"^    ' 
or  in  words: 

The  first  order  approximation  to  the  eigenvalue  is  the 
moan  value  of  the  pertui'^bation  operator  B  with  resp_e_ct  to  the 
unpertTJirbod  normalized  cl^-enfunction  i\i    . 

In  our  special  case  v;e  have 

00 


-2ixl 


\^  =     xe      dx  =  0 


5. 

The  first  order  appro-cimatlon  <i;-,(x)  can  be  dctcriTiinod 
-from  the  equation. 

the  right  hand  side  is  nox:  known.   VJe  find 


-h 


-xc 


-Ixl 


wnero 


00 


vi 


o""''  -|)T(x)dx    , 


oo 


and  thus 


(|)^  =  (::h-  c^  )c 


-  Ixi 


Evidentljr  this  function  is  a  solution  of  A^^.,  -  \  (j)^  =  \^  9  -  Bf 
no  raattcr  what  the  value,  of  c^  .   If  wc  require  that  the 
function  u  =  (|.^  +  e(t-,  +  ...  be  norraallzed,  wc  must  have 

1  =  {\^+   ef^+  ...,(t)^+  e(f)^+  ..,)   , 

which  gives  rise  to  the  folloxi7ing  infinitely  many  equations : 


In  addition  we  require  all  the  functions  is  ,  (jip >  •  •  •  ''^o  '^c  real, 
Then 


0  =  (to^'H)  +  (<l^i,-to)  =  2(civ^,ti) 


and  hence 


00 
n 


0  =  ^^o>h^    "  I   (;^+  c^)o'-'"'  dx  = 


-oc- 


6. 


Thus 


-IX  I 


Since 


v:e   obtain 

.      _  1 

IJcxt  we   use    the    oquatj.on 


vihich  means 


wncrs 


p-lxl  ,      _  1      -ixl        2   -Ix 

00 


'2 


r  .-1- 


(p2  ( X )  dx 


■'-co 


Thus 


([-^(x)    -    (:c^+  C2-|) 


-  iXi 


''rom  the  eouation 


and  the  fact  that  (j)  ,  h^-  ,  and  (j)p  are  all  real. 


(to'i'2^ 


■5- 


00 

X  o      dx 

•00 


M- 


Hcnce 


and 


'2   2 


a 


ci)2(x)  =  (x2-  3)e-ixi 


Thus  MQ    obtain 

A  —  l  +  ~6   +•..   J 


1   ^ 


u  =  o-'-^'(i  +  ;ce4-(x2-|)e2  +  ._) 


;  • 


Questions;      Do   those    soi^los    converge,    if  wg    compute    successively 
the   coefficients?      Do   those    series   provide   a   sol\ition  of  the 

equation 

(A  +  £3)u  =  \u 

with 


J 


00 

^      lul2d^=l 


-co 

Unfortujiatoly,    the   ansxrcrn   r.iust   be    in   the  negative  bcca-asc    our 
equation  has   no    (real)    point   eig:;nvaluG   at   all   if  e    i,-^   a  real 
nuntaer  not    zero.      Indeed   if  a   solution  u(x)  ^    0  vjith 

00      p 

[    lul  dx  <  00  were  to  exist,  then 

L'-CO 


I 


^      1  I 


-'y 


-c  =  f  c      -^      u(v)dy 
■  oo 


would  exist  and  vre  should  have 


-ce"  "  -;■  exu(x)  =  \u(x) 


Since  e  and  X  are  real,  s  ^   0,  it  would  then  follow  that 


-  X 


ex  -  \ 


for  X  7^  — .   The  singularity  at  x  =  -^  is  a  polo  of  order  1. 


CO 


Then  C       lul^djc  <  oo  is  only  possible  if  c  =  0,   But  c  =  0 

i^-oo 
would  iraplj?"  u(x)  =  0  vjhich  is  not  possible  if  u  were  an 

eigonfunctlcn.   As  a  raattcr  of  fact  the  spectrum  of  the 

operator  A  + eB  is  purely  continuous. 

The  reason  for  tho  disappearazice  of  the  point  eigenvalue 

\  =   1,    present  in  A  +  eB  for  e  =  C  but  vanished  for  ;-:  ^   0  no 

I    I 

matter  how  small  iel,  lies  in  the  fact  that  the  coefficient 
ex  in  the  perturbation  term  eBu  =  exu  is  never  small  in  the 
whole  interval  -co  <  x  <  co  unless  e  =  0. 


8. 


Suppose,  instead  cf  e:-:u,  we  consider  the  pert^jrbation 
terra  es(x)u  where  s(x)  is  a  bounded  piecewise   continuous 
function  in  -oo  <  x  <  oo  .   Then  we  deal  ^^;ith  the  eigenvalue 
problem 

°°    11.1 

g-lxl-iyi  ^^(y)(iy+  es(x)u(x)  =  \u(x)  ,   -co<x  <  co 

-00 


I 


Again  we  set 


X  =  \q  +  £X-j_  +  .  . .   ,    \q  =  1   , 


U  =  (j)^  +  S(|)^  +  ...   ,    ([>Q 
and  vre  successively  cor'Wato  "X^jC})  ,  ...  as  before.   E.g.,  \-je   find 

\^_  =  I   s(x)c  -'^'c^   ,   ^^  =  (s(x)  '\^)o    '^"   . 

'^-00 

Now  x-7e  can  prove  that  a  point  eigenvalue  A.  =  A{e)  exists  which 
can  be  represented  as  a  convergent  povjer  series 

\  =  1  +  eA-,  +  ... 

for  small  i  e  I  ,  hoxvevor  . 

Assuming  temporarily  the  existence  of  a  point  eigenvalue 
\,   vje  have  for  a  corresponding  eigenfunction  u  the  equation 

f  -\         ce 

U(XJ   =  :; 7 r 

''     \  -  es(x) 
where 


A.  ftmction  f(x)  is  said  to  be  piocevjiso  continuous  in  a 
closed  bounded  interval  a  <  :■:  <  b  -.Then  f(x)  is  continuous  there 
with  the  possible  oxccoticn  of  a  finite  nvjnber  of  points  x.  at 
x-jhich  lim  f(x)  and  lirn  f(x)  exist  and  are  finite.   A  function 


1  1 

X  <  X.  X  >  X. 

1  X 


f(x)  is  said  to  be  piecewise  continuous  in  an  open  interval 

a  <  X  <  p  if  it  is  piecewise  continuous  in  every  closed  boxmded 

subinterval  of  a  <  x  <  p. 


r  ,     I 


t        /  ■  • 


-■     *  •  I      .  <'  ■ 


J.  1 
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00 

n 


-Ixl 


u(x}dx 


*^_ 


00 


If  u(x)   ^  0  then  c   7^   Oj    and  wc    obtain  the   equation 

00 


-2lx 


1  = 


X  -  e  s  ( X ) 


dx 


'-co 


Forgetting  the  heuristic  derivation  of  this  equation,  xjo  shall 
solve  it  for  A  =  X(e;  and  find  X  =  1  +  X-,  e  +  ...  as.  a  power  sorios 
ccnvorgent  for  small  iei.   Suppose  this  vjorc  done  •  Then  for 
small  le!  the  exprcssicn  X(e)  -es(x)  does  not  vanish  In 
-00  <  X  <  oo,  and  the  function 

ce-l'^' 
for  any  constant  c  is  such  that 

00 

r   1  i2 

lul  dx  <  00    . 

ioo 


Purthcrmore,  for  this  function  u  we  havi 
)"'^^'"'y'  u(y)dy+  8s(x)u(x) 


CO 

0 


J. 


00 


=  e 


00 


-00 


-u.  yl  ,  ^  -  X 

CO   '^     ,.    eco(x)o  

X(e)  -  es(y)   "   \(V)  -  e s ( x ) 


=  CO 


-ixi 


+ 


e  c  s  ( X )  o 

\{  e)  -  es(x) 


=  \(K) 


-  IX 


\[zV^  es(x; 


=  \(e)u 


In  other  words,  u  satisfies  the  eigenvalue  equation  with 
\   -   A.(e).   Therefore  \'\z)    is  indeed  a  point  eigenvalue. 

The  only  gap  that  must  bo  filled  is  the  existence  of  a 
convergent  power  series  solution 


10. 


\  -  \(  e )    =   1  -!-  eX,  +  e   X^  +  . . . 


of   the   fionctional   equation 


00 


^-co 


-2ix 


X  -  es(xT 


ax 


We  make  the  change  of  var_ia.ble  [j,  =  —  to  obtain  the  eouatlon 

X 


e  = 


GO        _pj. 

e  ~  '■ 


1  -M-eTx; 
^-co 


If  li-Li  <  ■>^~-   vjhere  s   is  an  upper  bound  of  is(x)i  for  all  x, 

"o 
then  the  integrand  of  the  above  integral  can  be  expanded  into 

a  convergent  series  and  tcrrawise  integration  yields 

f-2l:;i  oo 

■t -rr  "^  etc  =  1  -f  >    a  a 
-a,  ^^^^■■'        ^  " 

wi  th 


n 


OD 

1 


-21x1   r   ,   \  l2   -, 

i      [ s(x) J   dx 


Since  la  I  <  s  ,  the  integrated  povjcr  series  is  certainly 
convergent  for  \\i\    <  - — .   Hence 


ds 


00 


8  -  a  + 


n=l 


n+1 

a  [X  5 

n'      ' 


for   i,x  <  r^^^     i 


by  the  reversion  theorem  for  power  srrios, 

2 

['.  ~   e  +  E   [i^  +  . . , 

is  convergent  for  small  lei.   Therefore  we  find 

e  2 

X  =  -=l+eX-j_+8X2+...   , 

again  convergent  for  small  lei,  which  i-ias   the  statement  to  be 
proved.   Incidentall^r  from  X-,  =  -[i-,    and 


11, 


2  2      2 

e  =  (  e  +  e  ii-j  ^-  . . . )  +  aT  (  e  +  [I-,  E  +  . .  . )  +  . . . 


wo  note  that  \-,  =  -^l-,  -  c-.  . 

cc- 

P        -2lxi   ,  ., 
\,  =     G      s(x)dx; 

in  agreement  with  our  previous  computation. 
Thus  we  have  shown:   The  equation 

f  e"'^'"^'-''  u(y)dy+ es(x)u(x)  =  Xu(:0 

-00 

has  a  point  eigenvalue  \',  e)  which  is  a  regular  analytic 
function  of  e  for  sinall  lei  and  which  tends  to  1  as  e  -^  0, 
provided  s(x)  is  a  bounded  (piocewise  continuous)  fiviiction  in 
-00  <  X  <  00  .   The  equation  has  no  point  eigenvalue  if  s(x)  =  x. 

Vife  must  always  boar  in  mind  that  smallncss  of  the 
pcrtiirbation  parameter  e  is  not  sufficient  to  ensure  that  an 
eigenvalue  problem  (A-i-  sn.)u  =  Xu  has  a  reg-alar  analj-tic  point 
eigenvalue  \  =  '^q  +  eX,  +  ...  even  though  the  unperturbed  problem 
Au  =  Xu  possesses  the  eigenvalue  X  . 

Thus  the  follcwinp;  two  questions  arise: 

(1)  What  arc  criteria  of  "smallness"  of  a  perturbation 
term  eBu  in  general  which  guarantee  regular  anal^^tic 
dependence  of  point  eigenvalues  and  corresponding 
eigenfunctions? 

(In  our  example  such  criteria  wore  boundedness  of  s(x)  in 
-oe  <  X  <  oo   and  smallncss  of  lei.) 

(2)  If  you  have  such  a  pertixrbation  term  as 

e3u  =  es(x)u,  what  is  the  moaning  cf  the  "approximation" 
computed  by  formally  applying  the  pcrtuj^bation  r.iethod? 


12. 


The  eigenvalue  problciii  just  dealt  with  exhibits  the  name 
difficulty  as  that  vrtiich  occurs  in  the  wave  equation  fop  the 
Stark  effect,  which  was  the  first  example  in  quantuiii  mechanics 
treated  by  a  perturbation  calculation  by  E.  Schr6dinger  .  An 
electron  with  charge  -e  r.ioves  in  the  electric  field 
produced  by  a  nucleus  carrying  the  positive  charge  Ze .   In 
addition,  there  is  imposed  an  external  electric  field  uniform 
in  the  direction  of  the  :c-axis.   In  suitable  units  the  x-jave 
equation  in  this  situauion  is 

-{u   +  u   +  u   )  -  -^  u  +  exu  =  \u    , 

^  XX   yy   zz     r 

p   p   p  ""  /p 
XNfhore  r  =  (x  +y  +  z  )"^'   and  e  is  a  measure  of  the  strength 

of  the  external  field.   The  positive  integer  Z  and  the  real 

nxHiiber  e  are  prescribed.   A  number  X   is  said  to  be  a  point 

eigenvalue  if  for  \  =  A   tncre  is  a  (possibly)  complex- valued 

solution  u  ^  0  of  the  differential  equation  STich  that 

lu(x,y,z)  i   dxdydz  <  oo    , 


Any  such  solution  u(x,y,z)  is  called  an  oigenf unction  belonging 

to  X  .   For  e  =  0  all  the  point  eigenvalues  arc  known.   One  of 
o  -  2 

those  eigenvalues  (the  lovjost  in  fact)  is  \   =  -Z  with  a 
corresponding  eigenfuncr ion  u(x,y,z)  =  c  ''''  ,      We  have  indeed 

A    2Z      /^  ^^~  ^  2  d  ,  2Z  ^  -Zr    ^2 
-  L\  u u  =  - 1  — ^  +  —  -3—  +  — =i  e    =  -Z  u 

r       \^~Z  r  dr   r  y 

?  /p 
Tormalizing"   u  we    obtain  the   eigenfionction   h      =  ^=^~7p■  '■'         • 

■jL 

If  e  =^  0  the  problci'i  is  more  complicatod,   V/c  should  like 
to  find  a  soliition  of  the  form 


E.  SchrBdinger,  Abhandliuigen  zur  Wellenmechanik,  1926. 


.\-^      •- 


r . 


>    -.     -;:-:«:;,• 


V    -  4 
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2 

\  -  \    +  z\^   +  e  ?vo  +  . . .   ,    \^ 
o  s.  d  o 


—   _r7^ 


3/2 


hoping  that  such  expansions,  converge  if  lei  is  very  srr-all. 
The  computation  of  \,  ,(}),,.,,  is  now  more  complicatorl  of  coijrse. 
The  first  order  approxi:.nation  X  +  t\-,    is  iran:ediately  obtained, 
however,  because 


Pi 


CO 


n 


-co 


'1     J  J  -*° 


2 


ccj)   dxdydz  =  0   , 


for  the  integrand  is  an  odd  function  of  x.   But  it  is  again 
true  that  our  eigenvalue  problem  has  a  purely  continuous 
spoctrvim  if  e  /  0.   There  is  no  point  eigenvalue  X(o)  for 
e  7^  0,  and  the  meaning  of  the  "approximation"  \{z)  s^   '^o '*' ^^i 
is  not  at  all  clear. 

The  assertion  that  for  z   ^  0   there  is  a  purely  continuous 
spectruni  is  not  easy  to  dement tr ate .   It  amounts  to  proving: 

If  a  complex-valticd  function  u(x,y,z)  ^  0  has  continuous 
second  derivatives  and  satisfies  the  eauation 


-  Au-  2Z 


U  +  EXU  =  \U 

r 


for  some  real  number  e  /  -  and  some  complex  number  A,  then 


oo 

CO 


'   lul'^  dxdydz  = 


-co 


It  would  bo  desirable  to  give  a  direct  proof  of  this 
statement . 


Ik. 


§2 ,   A  term  of  socond  ordci''  in  the  porturbation  parameter 
cannot  always  bo  ne gloctod  in  comparison  with  thvo 
first  order  torrii  (Seoiiian  effect). 

Usually  the  pGrti;a''bation  method  in  quant'Jin  mechanics  is 

applied  to  operators  of  the  form  H  +  eH-,  miero    the  pcrtiirba- 

tion  parameter  e  enters  linearly.   Even  if  the  problem 

2 
originally  had  the  forrii  II  +  eH^  +  e  Hp  +  ...,  one  would  cancel 

the  terms  of  order  higher  than  1  and  so  rotujr'n  to  ri  +  eH-,  . 

The  idea  is  that  since  e  Is  a  small  parameter,  tcriiis  involving 

2 
e   or  higher  powers  of  e  r.iay  be  neglected,   Pror.i  our  experience 

in  the  first  problem  "wc  treated,  we  would  expect  that  sometimes 

a  term  e  Hp  might  be  not  at  all  negligible  in  comparison  to 

ell-,  as  far  as  eigenvalues  and  cxgenfujnctions  are  concerned,  no 

matter  how  small  iel  is  taken. 

As  an  example  consider  the  wave  equation  for  the  Zo eman 

effect ,   The  eqiiation  describes  the  following  system.   An 

electron  with  charge  -c  .".loves  in  the  field  produced 

hj   a  nucleus, located  at  the  origin  of  the  x,y, z-coordlnate 

system, bearing  the  positive  charge  Ze .   In  addition  there  is  a 

ujiiform  external  magnetic  field  in  the  direction  of  the  z-axis. 

The  wave  equation  is 

2   2 


The  constant  s  is  small  if  the  strength  of  the  magnetic  field 
is  small;  e  is  regarded  as  the  perturbation  parameter.   The 
constant  p,  is  the  mass  of  an  electron.   The  eigenvalue 
parameter  \   is  connected  with  the  energy  parameter  -il  by 

E  =  — p — p-  ,  where  a  =  --^ — P  ,  and  h  is  Planck's  constant. 

Bit  [xa  li-jv  txo 

o      2        2 

Usually  the  tern  e   — j^-^—u.    is  neglected,  and  the 

'-1-1'' 
s  imp 1 e  r  c  qua t  i  on 

A2Z       1,         , 
u u  +  e  -T-f  xu  -  yu  )  =  \u 

r       2-   y  '^  X 
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IP  regarded  as  the  wave  equation  of  the  Zeeman  effect.   For 
e  =  0,  all  the  point  eigenvalues  are 

.2  •  •■ 

A.   —  ~  — T   J  n  —  i.,<r:.,»»«5 

n      ^ 
n 

and  the  eigenfunctions  are  (in  polar  coordinates  r,  (j),  e)  of 
the  form 

%;i,m  =  ^nji'^^^^^^^^^  ®)^^'''^   '  ^ "^   0,l,...,n-l   , 

m  =  0,il,...,i>t  . 

(In  the  last  section  v;e  had  n  =  l;x=0,  m=0).   Since 

Me   find 

2        -   . 

(_A  --^+8  i(x  ^-  Y-^))U    .     =  (-  Zl^.   ,^) 

r     i'   ay   "  d;:' '  njj?  ,m    ^   ^     '  n;  ^  ,m 

Thus  the  eigenfunctions  of  the  unperturbed  operator  are  also 
eigenfunctions  of  the  perturbed  operator  belonging  to  the 
perturbed  point  oigonvalues 

z2 

\^(  e  )  = -■  +  era 

n 

Thiis  the  perturbed  point  eigenvalues  depend  analytically  (even 
more,  linearly)  on  e  whiio  the  perturbed  eigcnfujictions  are 
independent  of  e.   This  perturbation  problem  seems  cxtrorriely 
simple.   The  perturbed  spectrum  displays  a  strange  feature, 
hovjcvcr.   Vnereas  the  unperti,irbcd  spectrum  is  bounded  bclovr, 
the  lowest  eigenvalue  being  -Z  ,    the  spcctriara  of  the  perturbed 

oDerator  is  unbounded  bclov;  no  matter  how  small  lei  is  taken. 

^2 
(Note  that  all  the  nurabers  -  •^±e(n-l)  belong  to  the  spectr-om 

n 
of  the  perturbed  operator.)   This  result  is  unreasonable  on 

physical  grounds,  and  therefore  it  cannot  be  permissible  to 

^  ,  2  ;i 
neglect  the  term  e"  — . — ^  u  in  the  wave  equation  for  the 

Zeeman  effect  if  one  is  interested  in  the  whole  spectrum  of 

the  perturbed  operator  and  not  just  a  single  eigonvaliic. 


• «  «  (  * 


<       k      •*•»• 


1 .  ;   jf 
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§3.      Smallness   of   the   pertiirbation  term  moans    sinallncss 
in  c omp arison   to   tli o_  unperturbed   operator  . 
The   eigonvaluG  problem  for    the  harmonic   oscillator 

2 
^^    •    "    X  u  =  \u      ,  -00    <  ::  <   co 


ri     '-T 


v;ith  a,  a  given  positive  constant,  has  the  point  eigenvalues 

\^  ^   (2n+l)a   ,        n  =  0,1,2,...  , 
and  the  corresponding  (nnnormalizcd)  eigcnfunctions 

u^_  =  c"^^^  /  ^n^''^  ^)   »    r^  =  0,1,2,...  , 

2  2 

'■xhcre  H  (x)  =  (-1)  c"  ^  ~{-=rA   'e~  '       are  the  Hermitc  polj'-noraials . 

Adding  the  perturbation  term  exu,  wo  have  the  eigenvalue 
problem 

d-u   2  2 
-  — ^  +  a  ::  u  +  exu  =  \u   ,    -co  <  x  <  cd 

dx 

In  cior  previous  examples  v/c  noticed  that  it  might  not  be 
possible  to  regard  exu  as  small  because  x  varies  on  the  infinite 
interval  -oo  <  x  <  oo  ,   However,  in  this  example  v;e  feel  that 

the  perturbation  term  exu  is  small  for  small  lei  in  comparison 

2  2 

to  the  term  a  x  u  of  'che  unperturbed  operator.   In  ract;,  tne 

eigenvalues  and  eigenfujictions  of  the  perturbation  operator  are 

2 
X  (e)  =  (2n+l)a  -  -^   , 

-^(x4--^)2  .  .  . 

u  (x;e)  =  e       ^'-   H  (v/a"(x  +  -^)  )   ,  n  =  0,1,2,...  , 
n  n        ga" 

xvhich  are  regular  analytic  functions  of  e. 

A  precise  definition  of  "smallness   with  respect  to  the 
unperturbed  operator"  is  one  of  our  objectives. 


.1    • 


17. 


§]|,      The    C'laractsr   of  the-   pert-grbat ion  may  dcp3nd  _cn  _thG 
sign   of   the   pertij.rbat 5-on  parameter    (String  with 
small   stiffness) . 
V/e    shall    consider   the   eigenvalue   problem 

_   a_u  +   e  ^  =  \u      ,  0  <  X  <  1        , 

with  certain  boundary  conditions  on  u  =  u(.x)  at  t}ic  eiidpoints 
X  =  0  and  x  =  1.   This  problem  is  treated  in  the  classical 
treatise  of  Lord  Raylolr':h,  The  Theory  of  SouJid.   The  vibra- 
tions of  a  string  with  si-iall  stiffness  are  described  by  the 
eigcnfunctions  of  this  problem.   The  parameter  e  is  propor- 
tional to  the  stiffness;  consequently  e  is  taken  to  be  a 
small  positive  number. 

First  we  impose  the  boundary  conditions 

u(0)  =  u"(0)  =  0  ,   u(l)  =  u"(l)  ^  0  ,   (supported  ends)  . 

We  can  immediately  verify  that  the  infinitely  many  numbers 

A  =  n  Ti  +  en  71   ,     n  =  1,^,..,  , 
are  eigenvalues  corresponding  to  the  eigcnfunctions 

u  =  3  in  nTtx       ,     n  =  1 , 2 ,  .  .  .  , 

Since  the  fia:ictions  sin  n-jt:;:,  n  =  1,2,.,,,  are  complete  in  the 
interval  (0,1),  they  must  be  all  the  olgenfunctions  and  the 
numbers  \    ,    n  -   1,2,,.,,  r.mst  constitute  the  spoctruj.:  of  our 
problem.   Although  the  eigenvalues  and  eigcnfunctions  both 
clearly  depend  regular  analytically  on  e,  there  is  an  obvious 
qualitative  difference  when  e  >  0  and  when  e  <  0,  -In  the 

former  casc(e  >  0),  the  spcctram  is  bounded  below;  the 

2    h. 
lowest  eigenvalue  is  A-,  =  tC' +  ztC  .      In  the  latter  case  (e  <  0), 

the  spectrum  is  unbounded  below,  and  the  eigenvalues  extend 

to  -00.   Of  course,  in  the  physical  problem  where  e  Measures 

stiffness  it  is  physically  ^onroasonable  to  perm.it  e  to  be 

negative . 


»  •  »  \       t 


18. 

Next  WG  shall  impcsc  tho  boundary  conditions 

u(0)  =  u'(0)  =  0  ,   u(l)  =  u'(l)  =  0  ,   (clampc:!  ends)  . 

Wo  suppose  that  e  is  positive.   If  u(x)  is  any  ( complox-yaluod) 
solvition  Ox  the  eigenvalue  equation  which  satisfios  the 
boundary  conditions,  then  it  follows  that 

1  1  ^1  . 

r  iu'i^dx  +  e  r  iu'M^d:-:  =  X  T  iul^dx    -, 
^  J  0  Jo 


and  consequently  every  eigenvalue  \   is  positive.   (We  can  say 
"eigenvalue"  here  rather  than  "point  eigenvalue"  because  there 
is  no  continuous  spoctru;.!, )   Moreover  from 

].  1 

\  r  lui^dx  >  I   iu'  i^djc  , 


WQ  o'o 


and   the   well-known  inequality 

1  1 

r     '     !  i2  2/^112 

I  U    I     dX    >   7T        I       I  u  I    dx      , 

^0  -Jo 

valid  for  functions  u(x)  with  continuous  first  derivatives 
in  (0,1)  and  xr^ith  u(  C)  =  u(l)  -  C,  we  can  conclude  that 

2 

\   >   li 

for  all  the  eigenvalues  of  our  problem. 

We  look  for  the  eigenvalues.   The  function  e''''"  is  a 
solution  of  our  differential  equation  provided 


Thus  we  find 


■p  +  ep  =  X 


2   1  1  a  ;i_/2 

p  =  — p-~  ,   whore  a  =  (1+  h;\z)' ' 


19. 


ITotice  thr.t  since  e  vio.s   assumed  positive  and  X  will  be  positive 

if  it  is  to  be  an  eigenvalue,  we  have  a  >  1.   Thus  four 

linearly  independent  solutions  of  our  differential  equation 

are 

rx     isx     -rx    ^-isx 
e    ,   G     ,   c     ,   e      , 

V7here  r  and  s  are  the  positive  numbers  satisfying 

2  _  a+  1     2  _  a  -1 
^  "  "TT"  '   ^  ~  2e 

Poui''  other  linearly  independent  solutions  are 

sin  sx  ,   cos  sx  ,   sinh  rx  ,  cosh  rx    , 

Every  solution  u(x)  of  the  differential  equation  c'^n  bo 
written  as 

u(x)  =  c^  sin  sx  +  Cq  cos  sx+c-,  sinh  rx  +  ci,  cosh  rx 
J.  ^  3  M- 

To  satisfy  the  boundary  conditions  wc  must  require: 

u(0)  =  °2  "^^I:  =  0   » 

u'(0)  =  c^s  +C2r  =  0   , 

u(l}  -   C-.   sin  s  +  c^   cos  s  +  c-   sinh  r  +  C;   cosh  r  =  0   , 
u  (1)  =  c,  s  cos  s  -  CpS  sin  s  +  c  r  cosh  r  +  c,  r  sinh  r  =  0 

This  system  of  four  linear  couations  in  the  four  linlaiowns 
c^  5  c^,  c  J  c,  has  a  non-trivial  solv-tlon  if  and  only  if  its 


dctermino.nt  A  is  zero,   A  computation  yields 

/A  =  2rs  -  2r3  cosh  r  cos  s  +  (r""  -  s~)  sinh  r  sin  s 


The  eigenvalues  of  our  problem  are  precisely  the  positive  zeros 
of  A  p  or  of 


20. 

5  =  -^  A  =  l^f  e~^-2f(l  +  G'^^)cos  s  +  (l-%)(l-c"^^)sin  s 
re  r 

Now  let  us  assim:o  that  there  is  an  eigenvalue  \(e) 
defined  for  all  small  positive  e,  and  further  let  us  assurae 
that  as  e  tends  to  zero  through  positive  nurabcrs  that  X(e) 

o  ,  >     2 

tends  to  a  limit  \.      Since  as  we  have  already  scon  \[e)    >  n    , 

o  2 

it  follows  that  \  >  -rt  .   j-'or  sufficientl:/-  small  e ,  we  have 


and  hence 


uid 


a  ^  1  -i-27v(e)e  +  o(\(e)e)   ; 


s  =  [\(e)]^/'^(l-'ro(l))^''^2 


md 


^  1/2 
lim  s   =  \  -   B 


lim  r  =  +00 
e— 5-0+ 


» 


It  then  follows  from  an  inspection  of  the  equation.  6=0  that 

sin  s   =0,  which 
o 

Therefore  v;e  have 


sin  s   =0,  which  implies  that  s„  =  nic,  n  =  1,2,,.,  . 
o  o 


o   o     2  2 

\  =  \.^   =  n   -K        ,  n  =  1 , 2 ,  , . , . 


which  arc  just  the  eigenvalues  of  the  problem 

-u"  =  Xu    ,        0  <  X  <  1 

with  the  boundary  conditions 

u(0)  -  u(l)  =  0 

VJe  have  proved  that  the  ocrti-irbcd  eigenvalues  \{z)    for  e  >  0 
can  have  as  limits  as  e  — >►  0+  only  the  spcctrui^i  of  the  eigen- 
value problem  for  the  string  (without  stiffness)  v;ith  fixed 
cndp Pints « 


•.•    .   .:,      V.' 


».'. 


3)/]      ^ 


r-.^. 


*         .     f    .    ^        ,    i        -      i* 
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^  ^       > 


21. 


Certainly  wc  should  not  be  surririscd  that  the  limits 
o  „ 

X  are  connected  with  tho  unperturbed  equation  -u"  =  \u,     V/o 

may  ask,  however,  x>rhy  the  particular  boundarj'"  conditions 

u(0)  =  u(l)  =  0  arc  distinguished.   It  is  a  priori  just  as 

plausible  that  frcra  the  boundary  conditions 

u{0)  =  u'(0)  -  u(l)  =  u'(l)  =  G 

of  the  perturbed  problem,  some  other  pair  of  boundary 
conditions,  e.g.   u(0)  =  u'(l)  =  C,  might  be  singled  out  for 
tho  unperturbed  equation.   In  that  cose  the  soectrijuu  of  tho 

2  TT^ 

unperturbed  problem  vrotild   consist   of  the  numbers    (2n-l)      -r—  , 

4 
n  =   1,2,...    ,      Note    alco  that  when  vjo   imposed  the   boTxndary 

conditions 

u(0)  =  u"(0)  =  u(l)  =  u"(l)  =  0 

o    2  2 

v/o  obtained  exactly  the  saiiic  limits  X  =  n  ii  ,  n  =  1,2,,.., 

corresponding  again  to  the  boundary  conditions  u(0)  =  u(l)  =  0 
for  the  unperturbed  equation. 

VFg  leave  those  questions  aside  to  study  the  character 
of  the  dependence  of  an  eigenvalue  X(e)  of  the  perturbed 

problem  (clamped  ends)  on  s  as  X(e)  approaches  one  of  the 

2  2 

nuiners  n  it  ,  n  =  l,d,,,,,    as  e  tends  to  zero  througn  positive 

values.   Since  e  and  X  =  X(e)  are  positive  we  can  define  nevr 
variables  y\,    v,  and  K.  by  tho  relations 

2         2 
e  =  v\   ,   X  ==  V   ,  V   =  nn  +  K-    ; 

where  n  is  a  fixed  positive  integer.   VJc  can  suppose  that 
\K\    <  c  where  C  is  some  coiistantj  we  shall  only  be  interested 
in  small  |^ ,   Then  wo  obtain 


/         • 


'W      .       . 


.1  , 
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"I  /? 
_  Al  +  )^v-ri-)^-^+l^  _   1^1      2     2 

^-(^^ ^V /  "n^         ^  ' 

3  =  r(l^^v'n^)-l<iriy  '  =  v(i  -  ^  v\^  .  ...)     . 

Wc   denote   by  f  ^(  k:  ,  KJ. )  j    "2-^*^^'**'   P°^~'^^   scries    In     K,  V^ 
xjliich  are    convergent    in  c.  noighborhood   of    K:=   K^=   0  and  which 
vanish  at    K=   ^=   0.      Then  vio  have 

1  +  K^f.  (K,  /^) 

p  =  ^-^f,(K,  n)  = \ ' 

s  =  ni:  +  iK,  -;-  y\  f  -  (  K ,  y^  )    , 
I  =  v^(n7i  +  f.(  vc,  v^  )) 

If  vrc  set  0  =  e"'''/*^=  o::p  (-e~  ^  ),  then  the  function  5  - 


2  r 

r  e 


is  a  power  series  in  K>  vq^  >  ^  convergent  in  a  neighborhood 
of  V4  =  v"!  =  6  =  0.   (As  a  ifiattcr  of  fact  5  is  morels'-  a 
polynomial  of  degree  2  in  G.)   Thus  5  is  of  the  form 

5  =  -(-1)^  2nTr /i  +  l-D'^fC  +p(k:  ;  r\,^) 

whore  P  is  a  power  scries  in  ^,  y\,    Q,    convergont  in  a 
neighborhood  of  K=*^=  ^  -   G,  containing  no  terms  of  order 
0  or  1.   Our  aim  is  to  solve  the  equation 

for  K  .   VJc  shall  show  that 

K  =  2n7i:  v\  +    Q(  Y\,e) 


•  i    *    » 
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x\fhGrc  Q(v^,9)  is  a  power  scries  in  v\,    9,  convergent  In  a 
neighborhood  of   Y\-   '^  -   0,    and  containing  no  linear  term. 
We  use  the  Weicrstrass  Preparation  Theorem  : 

Suppose  that  P(  z jx-,  , , , .  ,x,  )  is  a  power  series  in  the 


^h 


h+l  variables  z;x^,..,,",,  convergent  in  a  neighborhood  of 
( 0; C, , . , , 0) ,  and  suppose  that 


■n/   o      ->>       k  ,     k+1  , 
F(zjO,...,o;  =  cz  +c^z    +...  , 


%   r 


Then 


P(zjx^,  ...,x^)  =  [CqZ-'^  +  P^(x^,  ...,Xj^)z'''"^+  .  ,, 


whore 

Pt  »  • . 

.  ,V^   are 

power 

series 

;  in  X, ,  .  . , 

-^k 

.  convergent  in 

a  neighborhood  of  ( 

0, 1 1  * , 

0 )  and 

vanishing 

at 

(0,...,0) 

and 

where 

E  is 

a  power 

series 

•  convergent  in  a 

ncl 

.ghborhood 

of 

(0;0,...,0)  and  E(0;0,...,0)  =  1 . 

In  our  application  we  have  k  =  1,  i.e. 

5(  KiO,0)   =  (-1)^-  k;+  ... 
so  that 

5(  K;  v\,e)    =    [(-!)'' K  +p^(  »^,9)]E(VC  ;  Yi,9) 
Evidently  we    find 

Pl(v\,G)    =    (-1)^  2nTci\ +F-j_(»^  ,G) 


where  p^  (  h  ,9}  begins  with  quadratic  terns.   For  i  1^1  si'iall 
enough,  those  K^  satisfying  5(  K;  ¥\j9)  =  0  arc  of  the  form 


,n 


K=  (-1)   Pi(v^J")  =  2n7t  ^1  +Q,(  >^,G) 


For  a  proof,  see  C.  L.  Siegel,  Analytic  Functions  of  Several 
_C_omplex  Variable  s ,  Lect^ircs  dor  live  red  at  the  Institute  for 
Advanced  Study,  ( 191+8 -'.iP  )  ,  p.  3. 


..■!•••> 


;    i 


2k. 


xjhorG  Q{yi   ,€))  is  a  power  scries  in  r)  ,  ©  convergent  in  a 
neighborhood  of  r^  =  0,  6  =  0  and  beginning  with  quadratic 
terms.   V7e  conclude  that 

V  =  nn  +  2nTL  i\   +  Q(  ^^  ,©) 

or 

w  ^     2  2  ^  ,  2  2  1/2  ^  ^.  1/2  -e~^^^) 
X(e)=n-ji  +  usi  Tl  z   ^      +R(e'',e      ^ 

for  an  oigenvaluo  of  the  perturbed  problem  which  tends  to 
n"7i  as  e  tends  to  zero,  through  positive  values.   Here  R(n  ,Q) 
is  a  power  series  in  ^ ,  9  convergent  in  a  neighborhood  of 
*^=   0,    ©  =  0,  beginning  with  quadratic  terms,  and  consequently 
the  nature  of  the  dependence  of  \(e)  on  e  is  completely 
exposed.   Note  that  \(e)  is  not  a  regular  analytic  function 
of  e  for  small  lei. 

Further  analysis  would  reveal  that  for  negative  e,  A(e) 
behaves  quite  differently  as  e  — >  0-   from  its  behavior  for 
positive  e. 

§ 5 .   Non-analytic  perturba t ion . 

In  perturbation  theory  the  approximating  problems 
usually  can  be  easily  treated  whereas  the  original  problem  is 
more  .difficult .   There  are  cases  v;here  the  opposite  is  nearly 
true,  however.   This  situation  occurs  when  it  is  hard  to 
understand  the  phj-slcal  uieaning  of  the  matheraatical  problem  or 
some  part  of  it.   Then  one  substitutes  approximating  problems 
vmich  may  be  more  difficult  matheiriatically  but  whose  physical 
meaning  is  clear. 

For  example  consider  the  wave  equation  for  a  fi^oo 
particle  in  quantujn  m.ec.h£.nic3 

To  simplify  the  mathematical  techniques  used,  we  restrict 

2    2    2 
the  particle  to  the  unit  sphere  x  +  ;r  +  z  <  1  imposing  the 

2    2    2 
iocundary  condition  u  =  0  for  x  +y  +  z   =1.  Jn,   number  \   is 


>i  :  .>  ■'  if  '■'■ 


1    ;  II      •<■ 


^N'-.; 


»-     3i    . 
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said  to  be  an  eigenvalue,  (as  there  is  no  continuous  spectrum 
we  say  "eigenvalue"  instead  of  "point  eigenvalue''),  if  there 
is  a  solution  u  ^  0  of  the  differential  equation  which 
satisfies  the  boundar^'-  condition.   Since  the  physical  intor- 
•pretation  of  lu(x,y,z)i   is  that  of  a  probability  density, 
uc  further  require 


/;; 


2   2   2 

1^      +IT+Z      <]. 


u(;c,y,z)  I   dxdydz  =  1    . 


Now  x-je  seek  oigepfunctions  which  depend  only  on 

2    2    2  1/2 

V  -    (x  +y  +z  )  '  ,  i.e.  we  try  u  =  f(r).   VJe  obtain  for 

u  =  f(r)  the  ordinary  differential  equation 


J  -   r  ar 
dr 

x^^ith  the  auxiliary  conditions 

f(l)  =  0 

and 

1   r  1  i2   2 

i\-K    \      III   r  dr  =  1 

If  wc  sot  g  =  Jkir  f(r)r,  the  differential  equation  simplifies 
to 

-  -^  =  Ag   ,  0  <  r  <  1   , 

dr "~ 

vrith  the  auxiliary  condibions 

S(l)  =  0 

and 

1 


0 


!  l2 

1  g:  i   dr  =  1 


,.)      .11 


V:       •■- 
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If  wc  impose  tho  additioncJ.  boundary  condition 
then  wc  obtain  the  eigenvalues 


X.  -n7t    ,         n-i,^,.... 


and  the  corresponding  cigcnfunctions 


g  (  r )  =  /2  s  in  nTir   ,     n  =  1 , 2 ,  . .  ,  . 

Thus  wc    find   the    oigcnf unctions 

_     1      sin  nTir  -   n    '^ 

n        ,-rT-  r  '    ' 

for  the  free  particle  in  the  unit  sphere,   Txicsc  cigen- 
fiinctions  arc  certainly  continuous  in  the  unit  sphere;  indeed 
thG3'"  arc  analytic  for  0  ;5.  i"  <  1  •  liousvor ,    we  could  replace 
the  boundarj?"  condition  f;(0)  =  0  by  any  cf   the  conditions 

g*(o:  -HO^g/O)  =  C 

where  (J'  is  a  real  nviruber.   Then  we  would  obtain  oigcn- 

functions  g  (r)  with  f  !  g.  I"  dr  =  1  vjhich  are  continuous 

(even  regular  analytic)  in  0  <   v  <   1,    but  v;hich  d.o   not  vanish 
at  r  =  0.   Consequently  the  oigenfunctions 


14%   V 

arc  not  continuous  at  the  origin,  though  they  are  continuous 

'-"   2   2 
(even  regular  analytic)  for  0<x'~  +  y  +z   <!»  a-id  they 

satisfy    jjj    lui^  c'^jcdydz  =  1.   Since  the  quantity  Jul 
x^+y^+z''<l 


<  •  *  t     V 


1  ■>»■•.'  r- 


'I .      ■  ■  5     :i 


2  T\ 
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in  SchrBdingor '  s  thoor^r  roproscnts  a  probability  density, 
the  fact  that  !u  I   bccoriics  Infinite  at  a  point  is  not 
incompatible  with  its  phj'sical  interpretation.   Therefore 
one  would  believe  that  those  alternate  boundary  conditions 
arc  not  onlj   mathonatlcally  reasonable  but  also  have  a 
physical  meaning  for  the  problem  in  quantijm  mechanics. 

Again  we  consider  a  "^article  moving  in  the  sphere 

2   2   2 
:<:  +  y  +  z   <  1,  but  now  wo,  imagine  it  moving  in  a  ficldi. 

derived  from  a  potential  V.   VJe  assume  that  V  is  zero  outside 

2    2?     2 
some  small  sphere  x  +  y  +  z""  <  e   <  1  and  the  V  is  so]-ig 

negative  constant,  say  V   =  -V  ,  in  the  small  sphere,   V/c 

demand  that  V  be  independent  of  x,  y,  z,  but  V  may  depend 

on   e.   Then  we  consider  the  eigenvalue  problem 

O        '*^        O 

-  ( u   +  u   +  u   )  +  Vu  =  Xu   ,    X  +  y  +  z  <  1 
^  xz   yy   zz'  '  "^ 

v;ith  the  boundary  condition 

2        2        2 

u  =   0  for     X    +  y    +  z      =1 

Again  we  seek  oigenfunctions  which  depend  only  on  r,  say 

u  =  f(r),  and  wc  set  g  =  jUJii   f(r)r.   V/o  obtain  the  differential 

-  ^  +  q(i^)s  =  xg  ,    0  <  g  <  1  , 

dr"" 

and  the  boundary  condition  ,5(1)  =  0.   The  function  q(r)  is 
defined  as 


q(r) 


-V   for  0  <  r  <  e   , 
o  —    ' 


0   for  e  <  r  <  1   . 


-• ; 


,  > 


•r.  .■.-..?.  •     ;  ( 


>. 


;*•■ 


'  f    -:"    r'  ''•'    i- 


JW 


.•        • 
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o^    ' 

Graph  of  potential   q(r} 


VJc   ir(ir)Ose   the   additional  bovaidary   condition  g(0)    =   C«      Then 

r      I 


gv,  v  r ) 


WG  find  the  eigenfunotions  u  = 


of  the  original  problem 


fJTn   r 
vjhich  arc  continuous  at  the  origin,  and  evidontlj  represent 

bound  states  of  the  physical  problem. 

Wo  now  wish  to  choose  V  =  ''^o'-^^  "^^  such  a  way  that 

the  eigenvalue  problem  for  g  approximates  the  eigenvalue 

problem 


d  Y  _  -, 
dr^ 


0  <  r  <  1 


Y  (0)  +  or  y(o) 


y(  1 ) 


We  first  make  a  prelirainary  heuristic  investigation 
which  i^rill  indicate  the  appropriate  choice  of  V(e).   Suppose 
that  \   is  a  particular  eigenvalue  v:ith  Y(r)  ^  corrospondirig 
oigcnfunction;  and  suppose  X(e)  and  g(r)  are  the  eigenvalue 
and  oigcnfunction,  rcspcctivclv,  of  the  perturbed  problem 


dr'" 


-5  +  q(r)g  =  \(e)g   ,     0  <  r  <  1 


and 


!/ 


'.-  ff       c      \   1 
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S(0)  =  g(l)  =  0   , 
such  that 

X(e)  — ^\   ,    g(r)  — »  Yir) 

as  e  — s>  0.   Since  in  e  <  r  <  1  the  differential  equations 

for  g  and  y  ^^'^  nearly  the  same  and  g(l)  =  y(1)  =  0,  wc  should 

expect  that  in  e  <  r  <  1 

g'(r)  _  Y'(r) 

Pm-'thcrmorc  since  y'(0)+  or'Y(O)  =  0,  we  should  expect 

g'(e)  +  crg(e)  ~  Y'(e)  +  (Tri^)  ^  0'   1"^°^  In  C  <  r  <  s,  wo  find 

g(r)  =  a  sin  (s/v^+  \(e)  r) 

x-ihcrc   a   is    some    constant.      It    seems   reasonable   thiat  V    ( e )  ->  oo 
as   e  — *  0.      Since    \(e)   — >  A   as   e  — >  G,   v;e    can  v/ritc 

Then  wc  obtain 

JIT^  cos  JV\  e  +  gT  sin  JV^  &   m  0        , 

and  as  e  — >■  0,  we  must  require  that  Jv~   e  tend  to  a  zero  x 
of  cos  X,  say 

where  n  is  some  positive  integer.   Let  us  define  p  =   p(e)  bj 
the  relation 


JT"  s  =  X   +  p 
'^  o      n    *^ 


lim  p  =  0.   Thus  we  obta:.n 


-  JY      sin  X.  sin  p  +  O*  sin  x   cos  p  ^  0    , 


n 


anci  nonce 


1.' 


>-  J  r    '    ' 


.■>p— 


1.: 


^H     .  ,.    M    vc 


^  •  (  h:  ■>  - 


.-^ 
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/^ 


o  P 


as  e  — >  0.   Thus  x^c  have  as  e  — s*  0 


and  consequently 

n 

Therefore  wo  obtain 

and 


o  ^  e    X 
n 


o    ^    e 
e 


Wc  begin  anew  by  defining 


o        <:i       e     * 
e 

and  wc  indicate  hovj  you  :rii^;ht  try  to  prove  the  rosiilt  rigorously. 
First  we  find  the  exact  equation  for  the  pcrturbod  eigenvalue  \. 


for  e  <  r  <  1    , 
where  c  is  some  number.   Pop  r  =  e  we  have 


■,ln  Jy^+  \ie)    e  =   c  sin  J\{&)    (1-e)   , 


JV^+\(e)    cosJV^  +  >(e)    e   =   -o  JTIJ)    cos /mT)    {1-z)      , 


anc.  nonce 


.•i.,-/. 


31 
JTiJT  cos    [JX(Tr  (1-e)]    sin   [JV^+  \(ej    e] 

+  JVq  +  \(ej    sin   [vTvT'eT   (1-e)]    cos    U'T^+'xr&T  e]    -   0 

2 

Tf  V  =  _4  +  ^-^,  thon  as  e  — ^  0  it  is  clear  that  this 

e 
equation  goos  into 

J\   cos  /\   -    or  sin  /X  =  0 

which  is  precisely  the  equation  for  the  eigenvalue  of  the 
unpcrturbec'  problem.   ■.•/c  shall  not  complete  the  proof  that 
\{  e)  — ^  \  as  e  — ^  0. 

Writing  Ay  =  Xyfoi"  ^^^   unperturbed  problem  and  A  g  =  \g 
for  the  perturbed  one,  tjg  notice  a  significant  difference 
bctuccn  this  and  our  previous  examples  of  the  perturbation 
method.   In  this  case  wc  cannot  write  A  as  A+  eB  or  even  as 
A  +  eB-|  +  e^Bp  +  .  . .  .   V/c  laicu  that  if  we  set 

'■■1    -irTTT-   +    ZZ'T' 


o  ~ 


V 2 >     ^  -  1,^,...  5 


e 

the  equation  for  the  portv.rbed  eigenvalues  goes  into  that  for 

the  unperturbed  ones  as  s  ■-»  C,   It  is  one  of  cur  objectives 

to  clarify  the  sense  in  which  the  operator  A  appro.ici-:nates  A 

even  though  A  does  not  depend  analytically  on  e  . 

Finally  let  us  roiMarl;  that  the  case  n  =  1  above  is 

different  from  n  >  1  in  that  the  spectra  of  A   for  n  =  1  are 

e 

bounded  below  uniformly  for  0  <  e  <  e  ,  where  e   is -some 
positive  niimber,  whereas  th.is  is  not  true  for  n  =  2,3^...  « 
It  is  easy  to  prove  the  second  part  of  this  assortio;i^  we  omit 
the  Droof.   w'g  shall  prove  the  first  part. 


n  ■..•'■T  -  -n  ..-c  n 


t  »/■•      *-/■ 


•  '  '.'.H 
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>/o    sh.ll   prove    that   there   Is   a  positive  ir.:rabor   e      such 

ahat   tne    spectra   of  4      for    0  <   p   <   --      .tt    -^  ^,  ° 

-=^g    ioi    ^  <   e   <   ^^  all  nave    the   same   lower 

bound.     Wu   denote    by     i^  t>e    s-t    of   ^n      ^      -, 

J      ;LJ  ---c-    s-t   01    all   complex-valued 

fuaictions   s(r)    defined   for    0  <  r   <   1   h-vin^   thn    f^n       • 

—       _  -■-   tJ-^^ving    one   lollowms 
properties: 

(1)  g  and  g'    continuous   and  g"    piecewise    continuous 
in   0  <  r   <  1, 

(2)  g(0)    =  g(l)    =   0. 

This  set  X)  is  called  the  domain  of  the  operator  A  which  is 
acimod  as  £ 

.2 
A^g  = 1  +  g(r)g 

dr 

where 


for   0  <  r  < 


p      -1-  wx-    I.;  <;  r  <  e 


} 


.   for   e  <  r  <  1 

'*c  spoctru™  Of  A^  on  ^  i.,  boundod  below  If  thoro  exists  a 

i^cal  number  a  such  that 

(g,Ag-}  >  a(g,g) 

f-  f  J/"-"°-  «  1»  :D  .  wo  s.an  prove  that  .o  ..a,  ta.o 
0  ;    "  •'"  °  '  ^  "-^o  *on  r  <  1,  and  a  =  .  <r2  for  all 
0  <  e  <  e^  „hon  (r>  1,  s^,  is  some  positive  number  less  than  1 

In  any  event  we  have 


1 

e 


(8,A^g)  =  r  jg,  [2  ^^^,  _  f(^^,2_^2^\ 


'•     l2 
I  g  I   dr 


% 


We   first    suppose    that    cr<   1        v-    ^^..tt 

T  "  ^    V  ■-   -L.      /1,'u    shall  now   constri^r+-  n 

^cal-valued   function  w   =  w    (r)    defined    -r.    -^  .         '    f    ^"^ "  ^ 

f^^T.^    .  s^    '    -CI  mod   xor   o  <  r  <  1  with   the 

folxovrmg  properties:  ~ 


<-•    „    *  — 


i.  :'•-' 


a 


■  .1 
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(1)  w  and  w'    continuous   and  w'*   piecGv.'iso    continuous, 

(2)  w>   0   in   0<r<l,    vj^(O)    >   0, 

(3)  A  w  >   0. 

Let  us  denote  by  v  the  positive  square  root 


f  1?  ^  ?-(r  V 


Let 


sm  vr 


for  0  <  r  <  s 


w^(r)  = 


.(v  cos  v£)(r-e)  +  sin  ve    for   e  <  r  <  1 


It  is  evident  that  vx  thus  c'.ofincd  has  property  (1),  and  that 
A  x-j  =  0.   We  must  only  chocic  condition  (2).   Now  as  e  — s>  0-r 
wc  have 


sin  ve  =  1  +  c(l) 
V  cos  ve  =  -  <^+  o(l) 


To  see  that  \<s  >■   C  it  is  cnciigh  to  make  sure  that 

w  (1)  =  (v  cos  ve)(l-e}  +  sin  ve  =  l-<^  +  o(l)  is  posit; 

This  is  certainly  true  for  e  small  enough,  say  for 


ve 


0  <   e   <   s 


<   1. 


Now  define    f(r)    by   the   equation 
C(r)  -   f(r)w(r) 


then  for  g(r)    real-valued,   we  have 


(g»A  g)    =      11m 

^  5— e>0\  0 


pi 


p,  'x^. 


(  f  w  +  f  v;   )    dr 


-tf^^)I 


^2   2 
f  v;   dr 


J  /    l1 


r.o 


0')     V     i 


'^ 


if 


3i+. 


integration  by  parts  yields 


(g,A  g)    =      lim      ((f^vn;') 


1        1 

+ 


r    ( f '  ^vj^  +  f  ^w-  ( AgW ) )  dr  j      . 


2    I 


v: 


Iiow  f  ww'    vanishes   at   1,    and     lim  f  vrw 

5_^  0  ^         5—^  0 

because  g(5)  =  g'(0)5  +o(6)  and  w  =  w'(0)5  +  o(c)  and  k' (  0)  ?^  0 . 
It  is  then  evident  that 

(S^Agg)  >  0 


for  0  <  e  <  e  . 
o 


In  case  cr'>  1,  the  above  argument  fails  because  vj  as 
defined  is  not  positive,.   Indeed  it  is  no  longer  true  that 


(S>A  g)  >  0  for  small  e. 

Ler  us  redefine  v  as 


for  e  so  small  that  the  qu.antity  in  tho  parentheses  is 
positive.   V/e  find  as  s  — 3>- C   that 


-  1  +   2a;.  p  _  .21 

2  ■    Tl  ^    7t 


ve  =  -^  +  — —  e  -  -:=:—  II  1  +  -^)e'~  +  0(  s-^) 


LA_2 


2 

sin  ve  =  1  +  r( e  ) 


V  cos  ve 


?  /^  2   lA       ^ 
=  -  C3'+o--(-^  +  .|e  +0(e~) 


>. 


I'ow  we  define  x^^  =  w  (r)  as 

e 


sin  vr 


for   0  <  r  <  E   , 


w  (r)  =  ^   (v  cos  ve;(r-e)  +  sin  ve   fo:-   e  _<  r  <  c,   , 


t      r^ 


Bin  ve  e 


^  ^-O-Cr-p) 


for   a  <  r  <  1 


/- 


'D 


I  ^■■  . 
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where  a  and  S  aro  numbers  chosen  so  that  e  <  a  <  1 .  and  vj  (r) 

—   —        e 

has  a  piccevjiso  continuous  second  derivative  in  (0,1).   It  is 

easy  to  see  that  this  is  possible  because  the  functions 

-if'  p_e ) 
(v  cos  ve)(r-e)  + sin  vs  and  (sin  ve)  e   ^      are  equal  at 

r  =  e,  and  the  (always  positive)  exponential  function  at  r  =  e 

has  a  steeper  slope  than  the  linear  function,  provided  e  is 

small  enough.   Finally  notice  that  (A  +&)\<!   >  0  for 

0  <  r  <  Ij  in  fact,  the  cqualitjr  holds  except  for  e  <  r  <  a. 

Therefore  the  sarae  proof  as  before  yields 

(g,(Ag  +<^^)g)    >    0 


or 


for   0  <   e   <   e 
o 


(g,A,3)    >   -Cr2(g,g) 


Merely  as   a   technical   convenience,  we  raade,  the 
•unnccGSsary  assumption   that   g(r)    is   real-valued.     We    shall 
not  bother   about  removinr-;   it,   however. 


it   ■    :;,• 


(:i 


■  J'/ 


('■:^i    :.:■■     y 


^.     -'     \.':      'C. 


«;  -    '.. 


ir. 


i  *1    \' 
^  - 


p.  Rcllich  3^' 

Chapter  I .   P inj-^ c  plmcn sional  Spaco 

§1 ,  If  the  operator  is  _ci_  csnvorgcnt  power  series  in  the 
per tur bat  ion  paraiiie  t or  ,  then  so  are  the  olgonvc.lv.Qs 
and  cigcn'/ccto3?s . 

I'Jc  shall  consider  the  eigenvalue  problem 

n 
>    a-  ,  u,.  =  \\i.       ,         i  =  l,...,n   , 
k=l  ^'-  -^     ^ 

Wi.'.oro  the  (a.,  )  are  given  coraplex  numbers;  the  problciii  is  to 
find  \   and  corresponding  r.^,...,u  .   A  complex  nLimbor  \   for 
••rliich  there  exists  a  solution  u  =  (u^,...,u^)  of  the  n 
ocTiatlons,  vrith  u  7^  (0,...,C),  is  said  to  be  an  cigonvalTie; 
the  solution  u  is  called  an  eigenvector  (or  eigonclcrient ) 
belonging  to  \,      The  eigenvector  u  is  a  vector  in  the  n- 
dimcnsional  vector  space  jQ'  ,   which  consists  of  n-tuplos  of 
complex  numbers.   Ne  introduce  the  usual  norm 

1 

iiull  =  ( tu^l^  +  ...  +  !u^l^)^ 

and  the  associated  inner  product 

( V  ,u)  =  V^U-j^  +  . . .  +  v^u^    , 

vjhere  u  =  (u-,5.,.,u  )  and  v  =  ("^•''x  j  •  •  •  y'^'n'  ^^^-  ^^^-'^^   vectors 

C±p.  ^ 

ij^^  jP  >  ^'^G  have 

1 

Iiull  =  (u,u) 

Frequently  wo  demand  that  the  eigenelements  be  norraalizcd, 
i.c  .   iiull  =  1. 

¥e  denote  by  A  the  o')crator  (or  transformation)  which 

f^  n 
transforms  an  element  u  =  (u-,,...,u  )  of  yp   into  the  clomcnt 

n-^  n 

V  =  (v-^,...,v^)  in  jQ   by  the  rule 


,^-  >. 


JU. 


M  *►•••»  «=.  r  • 


'   —    * 


,•  ^ 
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Then  our  oigonvaluc   prolrlon  assiraes   the    forro 

All  =  Au 

If  the  operator  A  is  Hcrmltian,  i.e.   a.,  =  a,  /  or 

oqulvalontlj'-  (v,Au)  =  (Av,u)  for  all  olGmcnts  u,  v  in  jQ  , 

then  all  the  Gigenvalu.es  arc  real  n-ombors.   In  fact  there 

Gzist  n  linearly  independent  ciecnolcmonts  i, ,..,,i 

-'  '  ±      f  n 

cprro spending  to  the  oigpnyal-uics  X,  ,...,\  _,  respectively, 
1,0,   Ai  =  A  i  ,  V  =  l,,.,,nj  and  mc    can  siippose  the 
oigcnclcmonts  to  be  orthonormalizGd, 


Suppose  now  that  the  coefficients  a.,  are  power  series 
in  e  all  convergent  in  a  ?acigiaborhood  of  e  =  0,  Furtherraorc 
suppose  that  the  matrix  (a^.,  (e))  is  still  Hermitian  for  real 
e  v/ithin  the  neighborhood  of  convergence,  i.e. 

^il:'^^  ~  ^ki^^^  "^°-''  ^'°--l  ^«   l'^^  eigenvalues  and  eigenvectors 
of  the  perturbed  eigenvalue  problem  depend  on  e,   Ouj? 
question  is:   Arc  th^  perturbed  eigenvalues  and  eigenvectors 
regular  analytic  f^jnctlons  of  e  for  small  lei? 

In  general  to  solve  a  problem  involving  both  eigenvalues 
and  eigenvectors,  it  is  necessary  to  treat  both  simultaneously , 
Thero  are  some  simple  cases  when  they  can  be  treated 
separately,  however.   The  eigenvalue  problem  in  a  finite 
dimensional  space  is  an  cirample ,  for  ''aovQ    the  eigenvalues  are 
just  the  roots  of  the  se_cular  equation 


'  '  •        "  -  ^ 


.    .  •     ■  •    ■  ■  r '  •• 


"n    t-;' 


3«. 


a^^-X  a^^ 


-21 


^al 


a.2p-X 


^n2 


•  •  •      ^T  — 

ili 


"2n 


•  •  •   0.   "A 

nn 


This  determinant  is  evidently  a  poljmomial  of  degree  n  in  X, 
say 

n-1 
X  +C-X    +,.,  +  c   ,\  +  c 
n   1  n-1    n 

where  c-,...,o   are  poTj-or  series  in  e  converging  for  small  lei. 

O'lir  question  about  the  eigenvalues  rediacos  to  asking  whether 

or  not  the  zeros  of  such  a  polynomial  arc  regular  analytic 

functions  of  e  for  small  lei.   In  general  the  answer  is  no; 

2 
a  counterexample  is  X  +e.   VJhat  is  true  (Fuiscujc's  expansion) 

is  that  if  X  =  X(0)  ir;  a  scro  for  e  =  0,  then  the  zero  X(e)  can 

1 

be  X'.'rittcn  as  a  convergent  (for  small  iei)  power  scries  in  e 

whore  h  is  the  multiplicity  of  X  =  X(0). 

Of  course  we  have  not  yet  used  the  special  properties 

of  our  polynomial.   In  particular  we  know  tho.t  all  the  zeros 

arc  real  when  e  is  real.   This  implies  that  in  Puiscux' s 

expansion  of  X(e)  onlj''. terms  v/ith  integral  poxirers  of  e  can 

appear.   To  prove  this,  we  write 

1      1 

,        ^  .  h      -     h 

X(e)  =  X  +  o  e   +  b^e"  +  . . . 

TLiis  series  is  convergent  for  small  is  I.   Lot  b   denote  the 

n 

first  coefficient  not  zero,  i.e. 


C «   "^   •  •  • 


0 


b   7^  0 


n-1       '       n 
:hen  letting  e  — >  0  through  real  positive  values,  we  sec  that 


b   = 
n 


lin 
e— ^  04- 


X(£)  -  X 

n 
h 


)  '  ''     > 
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is   real,    because    \(e)    Ir.;   rca].   for   e  real.      On  the-   other  hand 
lotting   e  — >0  thi^oiigh  negative   real  niair-bers  wo   note    that 

n 

(.1,   o^  =  ^_  _ 

n 
is  also  real.   Hence  (-1)'"  is  a  real  nuraber ,  and  therefore  n 
rraxst  be  a  multiple  of  h.   VJe  can  continue  this  argvjiiont  to 
show  that  only  integral  povrers  of  e  can  have  non-zero 
coefficients . 

Thus  v;c  have  proved: 

The  eigenvalues  of  a  Hcrraitian  matrix  (a.^  (e))  (i.o. 


a 


•  1  (e)  =  a,  ,  i' e )  for  real  e  with   ei  small)  whose  elei'ionts  arc 


convergent  power  sci'-ios  for  sriall  le;  can  bo  consi dc rod  as 
power  series  in  e  convergcn t  for  small  i  £  I . 

Remark;   We  use  the  ph-rasc  "can  be  considered"  to  indicate 

that  a  suitable  arrangement  of  the  eigenvalues  \-.{z),,..,\   (e) 

i- '         n 

must  be  made  for  the  above  assertion  to  be  true.   Conaider-  for 
example  the  Hermitian  matrix 


( 


0 


whose  eigenvalues  are  X-,  ( e )  =  e  and  Ap  =  -e,  evidently 
convergent  power  series.   But  if  one  were  to  arrajigo  them  in 
order  of  magnitude,  then  \~(e)  =  -lei  and  X  (e)  -  lei  which 
are  not  regular  analytic  fi.uictions  of  e  near  e  =  0. 

Now  we  turn  our  attention  to  the  eigenfunctions ,   Wc 
shall  show  that  corresponding  to  an  eigenvalue 

X(  e)  -   a^  +  a-j^e  +  . .  .    , 


i+0. 


there  exists  an  eigenvector  ^(e)  =  (u,  (  e  ) ,  . .  .  ,u^^(  e  )  j ,  (i.e. 
a  solution  of  the  equation 

n_ 
>   a^,,(e)u,^(e)  =  \(e)u^{e)   ,    1  =  l,...,n)   , 


k=l 


each  of  whose  components  u,  (e),  k  =  l,...,n,  is  a  power  series 
in  K  convergent  for  small  lei,  and  which  is  normalized. 


i^-(e)!!  =()i:  iu^(e)i^y  =  1 


^k(e)l  J 


for  real  e  for  lei  small.   Evidently  this  assertion  is 
contained  in  the  follo;;inr;  statement: 

Let  y  i^)  >    i>k  ~  l,,..,n  be  power  series  convergent 
in  a  neighborhood  of  e  =  0,  and  let 

dot  ( Y^iJe)  )  =  C) 

Then  there  exist  power  scries  a-,  (  e  )  ,  .  .  . ,  a  (  e  } ,  convcr;3;cnt 
in  a  neighborhood  of  e  -  0  such  that 

n 
/    r^i.-i  s)a^(e)  =  0   ,      i  =  l,..,,n 
k=l 


and  for  real  e 


T~    io,  (e)h  =  1 


Remark:   The  previous  assertion  is  obtained  by  setting 
'''ik^^'^  ""  ^ik^^'  -\(e)S_,^^_:  e)  . 

Proof-:   If  all  y,^  (e)  are  identically  zero,  then  a  =  ( 1,  0,  . .  ,  ,0) 
satisfies  all  the  requirements.   Otherwise  there  exists  an 
integer  r,  1  <  ^  <  n-1  such  that  some  r  by  r  miner  determinant 
of  (Y4i^(e))  is  not  identically  zero  but  every  r+1  minor 
vanishes  identically.   There  is  no  loss  in  generality  in 
assuriiing  that 


.  I-. 


(4 


a. 


dot  ir^-^))^]i^i^,.,,r  ^   ^   • 

¥e  denote  by  ^^^y^)    ^^^-^  cofactor  of  Y^yi^)    in  the  determinant 
dot  (Yii^(e))i^v=l^...,r-;.l,  and  finally 


f^(e)  = 


n,  ,..-,(e)         for  k  =  l,2,...,r+l 


for  k  =  r+2, , . . ,n 


The  f,(e)j  k  =  l,...,n,  arc  convergent  po^^fer  scries  in  e  for 
lei  small,  and  not  all  arc  identically  zero  because 


fr^l(e)  -  r'p-.i,P-,r^)  =  ^^t  (Yii,(e))i,v=i,...;r  ^ 


I.,'    • 


Mor'eover  we  have 

n  r+1 


y~  y'^^)f^{t)    -  H  Y,^,.(e)i  ^  ^^^(e)  =  0,  i  =  1,2, ...,n  , 

bcca-use    the    second   terra  is   equal   to   the   detorr.ilnant   of   the 
I'iiatrix   obtained  b;r  replacing   the    (r+l)-3t  rovr   of 

^Yik(£))l,k=l,...,r+1   ^'^   Yii(e),Y|2^'^''--*'Yir+l^^''      -^°'^  ^^° 
have   for  real   e 

if^l^+  ...  +  !f^i^   =   e^^(b^+ b^e  +  ...)       ,      b^  7^   C 


where  m  is  some  integer  and  the  power  scries  conver,^es  for 
small  le!;  and  consequently  for  real  e 


l2        1^  i2\2    m 


f^r  +  ...  +  If.^i  j''  =  e"^(d^+  d^e  +  ...),   d^  7?  0 


where  the  power  scries  convorgcs  for  small  I e i .   It  is  clear 
that  the  power  series  or.pansion  of  each  f^(e)  begins  at  least 
with  powers  of  order  m.   Define  g,  =  a,  ( e )  by 

n^  (e)  -  —r, ,   k  -  l,...,n   ; 

e'"(  d  +  d.  e  +  . . . ) 
o    X 


■         !         V'^i'        •., 


?     '      .    \ 


'..'.■  I..- 


'K-': 


J 


*      1  •  •  •  • 


^    >  -^  ^- , ., 


1  I 


^   *  .  t    f 


evidently  \^i.^)    are  regular  analytic  functions  e  for  small  lei, 

and  J         la,  {e)l   =  1  for  real  e.   This  completes  the  proof  of 

k=l   ^ 
ouj?  statement. 

We  are  nov;  in  a  position  to  formulate  and  prove 
Theorem  1;   Suppose  that  a.^^(e),  i,k  =  l,,..,n  are  power  scries 
c onvergent  in  a  neighborhood  of  e  J=__0_;_  and^for  rea-l  s 


a^i,,(e)  =  a^^(e) 


Lot  A(e)  denote  the  opera tor  which  transforms  the  vector 

u  =  (u-,,...,u  )  into  the  vector  v  =  ( v-j^,  . . . ,  v^)  according  to 

the  rule 

n 


' .    =  5    a . ,  (  e )  u,   ,        i  =  1 , . 


•  S' 


S^^pposo  that  \   is  an  eigenvalue  of  the  operator  A  =  A(0)  of 
multiplicity  h  >  1,  and  suppose  the  open  interval 
\-d^    <  [I  <   X+dp,  where  d-,  and  dp  arc  positive  numbers, 

contains  no  eigenvalue  of  A  other  than  \, 

Then  there  exist  povjcr  scries 

A.-|(6/,»».J  Ay,  V  £  )         J 

fj_  '(e), ...,1^  '(e)  ,       V  =  ±,...,h   , 

G_13^  convergent  in  a  neighborhood  of  e  =  0,  which  satisfy  the 
follox-jing  conditions: 

(1)  The  vector  (t)^^^U)  =  (  f^  ^^' e  ),...,  f^' ^  \  e  )  )  is  an 
'  j^ '^•'■ 

eigenvector  of  A(e/  belonging  to  the  eigenvalue  X  (e).  I.e. 


A(  £)(})' ^^^e)  =  \iE)i^^\z)    ,        V  =  l,...,h 


^■h 


Ll-3 . 

FT-Trttiermore  X  ( 0)  =  \j  v  =  l,...,hj  and  for  real  e  the  elgcn- 
vectors  are  orthonormal,  i.e.  for  real  e 

(^'''^e),i)'^''^'(e))  -  6^,^^   ,    v,ij.  =  l,...,h   . 
(2)  For  each  pair  of  positive  numbers  d' ,  dp  with 


''4< 

^1' 

d' 

< 

■^2 

there 

exists 

a 

posl 

.ti 

ve  nuraber 

P 

S' 

A  eh  ■ 

that 
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Ox 

A(e) 

in  the 
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of 
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X^ie), 

•  0 
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e) 

provided 

e 

< 

P 

• 

Proof;   V/o  have  already  proved  the  first  part  of  the  theorem 
in  case  h  -  1.   Assimie  that  part  (1)  of  the  conclusion  is 
tx'uo  for  multiplicity  h-1;  wc  shall  prove  it  for  h. 

By  our  preceding  result  we  know  the  existence  of  an 

I  (1 )        '"1  )         ^  1 ) 
eigenvector  4)   '(e)  =  (  f  ^  "  (  e)  ,  .  . .  ,f^   (e))  each  of  whose 

components  is  a  pox-jor  scries  in  e  cojivorgent  for  s"iall  ie! 

and  such  that  il(j)'""^(e)  il  =  1  for  real  e.   Define  the  operator 

P(e)  by 

P(e)u  =  {c|)^^^E),u)(j)'^^(8)     } 


the  matrix  elements  of  P(e)  are  p.,  (e)  =  f  ^.  "*"' (  e  )f;,'^^  (  s  ) , 
i>h  =  l,...,n.   P{e)  is  a  projection  operator  which  projects 
the  n-diracnsional  space  into  the  1-dimensional  '''subspacc" 
spanned  by  the  vector  ^-   (•  e )  .   Let  us  denote  by  3(e)  the 
operator  3(e)  =  A(e)  -P(s),  whose  matrix  elements 
b.,  (e)  =  a,,  (e)  -p.,  (e)  are  ■oower  scries  in  e  convorn;cnt  for 

liv  IK         liC 

iel  small  and  b.,  I'e)  =  b,  ,(e)  for  e  real.   Sot  v^  =  i'-~'[C), 
and  let  ^-,  j^p,  .  . . , '-iV  be  an  orthonormal  sot  of  eigenvectors 
belonging  to  the  eigenvalue  A  =  \(  0)  of  A  =  A(G).   i'ow  wc  have 


KO)V;  =A(0)\1'  -P(0)4'.  =X^!'.-  {^T_,^-)'^j^=\-i 


H-',-  J   j  =  2,  . , .  ,h 


rhc  spectrujTi  of  A(e)  is  the  set  of  all  eigenvalues  of  A(e). 


PIcncc  X  is  an  clgenvalr.G  of  B(0)  of  nultiplici-ty  at  least  li-l. 
On  the  other  hand  wo  noij   show  that  the  multiplicity  docs  not 
exceed  h-1.   Otherwise  tlioro  would  exist  an  clement  \!.'  with 
lUil  =  1  such  that  B(0)v'  =  \^   and  (^is^/j  =0,  j  =  2,...,h. 
Since  B(0)\j'-,  =  (A-l)t-j,  it  follows  that  (tj"***'-])  =-0,,  and  hence 

A(0)\!/  =  3(0)\|/ +  (\l'-j^,>i/)\J/^  =  X''j,      Therefore  'l',4']_,^2' '  * '  »'^''h  '"''"^ 
h+1  linearly  independent  eigenvectors  of  A( 0)  corresponding 
to  the  eigenvalue  X.   But  this  is  impossible  because  the 
iimltiplicity  of  X  is  h,    and  therefore  the  raultiplicity  of  the 
eigenvalue  X  of  B(  0)  is.exa.ctly  h-1. 

By  our  assujnption,  there  exist  power  series 

X  (e),fi''\o ),..., fj^''^;e )   ,     V  =  2,...,h   , 

convergent  in  a  neighborhood  of  e  =  0  which  satisfy  the 
relations 

B{e)^^-''h&:    -  X^(e)t^''^e)  ,     v  =  2,...,h   , 
x-;herc  ci)'^^(e)  =  (  f^^^  (  e) , . . .  ,f^^^  e  )  )  ,  and  for  real  e 

(t   (e),f^-'''(e))  =  ^v^j,   '    v,^L  =  2,...,h   . 
Moreover  we  find 

A(e)<j)^^^e)  =X^(e)9^^''e),  and  B(  e  )<|)^  ^' (  e  )  =  (X^(  e  )-l)  <}>'' "^^  e  ) 

For  lei  small  vrc  certainly  have  X^^(e)  7^X-j_(e)-l,  v  =  2,...,h, 

and  consequently  ( (b  ■   (  e  )  ,<[' V'  (  e  )  )  =  0,  v  =  2,,..,1:,   Hence 
x-j-e  flnallj-  obtain  for  v  =  2,,..,h, 

A(e)(b^''^e)  =  B(e)(t)^^'^;e)  +P(e)(})^''^(e) 

=  X^(e)ct^^''^e)  +(({)■  ^'ie).f''^e)  )<t^-'(e) 

Therefore  the  first  part  of  the  theorem  is  proved. 


h.  4.        / 


f      *     ^     " 


kS. 


In  exactly  the  sa.inc  way  we  can  treat  each  cif-^cnvalue 
of  A(0).   Finally  wc  obtain  n  convergent  power  series  X'jhich 
can  bo  labeled  X^(e ),..., A  (e)  and  which  for  fixed  e  is  the 
vjiiolo  spectrum  of  A(e).   lart  (2)  of  the  theorem  is  then  an 
iimiiediatc  consequence.   Theorem  1  is  completely  proved. 

It  is  interesting  to  observe  what  we  have  not  proved. 
V'Je  do  not  claim  that  if  \   i^-an  unpert^orbed  eigenvalue  of 
multiplicity  h  and  if  v'-i  >  •  • . > ^i'^^  are  an  orthonornal  set  of 
eigenvectors  of  the  unpert-urbed  operator  belonging  to  X  then 
there  exist  eigenvectors  ^^      (e),  v  -  l,...,h,  v;hich  are 
convcji'gent  power  series  in  e  and  such  that  the  vector  equa.tion 

obtains.   All  that  has-been  proved  is  that  the  ^^     '(s)  exist 

and  ^^      ( 0)  5  ^'  =  l,...,h,  are  an  orthonormal  set  of  cigon- 

I  (  V  ) 
vectors  of  the  perturbed  •  operators  .   In  general  <p '  '  (  O)  cannot 

be  prescribed  in  advance;  the  perturbation  method  itself 

selects  them.   Indocd  this  is  all  that  can  be  expected. 

Consider  for  example  the  Hermitian  matrix 


r  1 


in  the  (complex)  2-dimonEicnal  space.   For  e  =  G  every  non- 
zero vector  is  an  eigenvectorj  in  particular  we  can  take 


\rz  '  r^J   '      '2     V 


For  e  ^  0  the  normalised  ei.'^envoctors  are  uniquely  determined 
up  to  a  factor  of  unit  magnitude  as 

.  n  ^  .  (•  p  '^ 

9    (.£/  -  \'Si/  J    9    16/  -  vlj'-'i    $ 

XiThich   arc    quite   unrelated   to   'i'    ,    \l'p . 


.  '3 


-      J  ■ 


■■■.;    n; 


L  '.   Ji-iii" : 


'"  >•  _  :' 


p.  Rcllich 
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'Ve  can  give  s  more  geometrical  description  of  this 
exairple  if  we  restrict  ourselves  to  the  real  2-dimensional 
space,  say  the  x,y-plane.  The  eigenvalue  prorJem  is  the 
same  as  finding  the  principal  axes  of  the  ellipse 

(l+f)x^  +  (l-r)y^  =  1   ; 

we  take  e  real  and  -1  <  e  <  1 . 


^^'U.)l 


y 


/ 


0  <  e  <  1 


e  =  0 


For  F  =  0  the  ellipse  ffoes  into  the  unit  circle.  As  principal 
axes  v/e  could  have  taken  i}/-,  ,  ii/p  as  v/ell  as  tj)    (0),  ^         (0); 
but  the  latter  are  essenti^illy  the  only  ones  to  which  the 
perturbed  eigenvalues  can  be  ioined  analytic^^lly . 


\:    T.  :'':.■  ]' 


-;      l-- 


•'\  t 


K 


I    -^   1  > 


/ 


/ 
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§2.   Se2/eral  analytic  pa.rar!igter_s  . 
The  matrix 


is  a  Hermitian  matrix  i'or  real  e^,    z^,  "'^'^^^^   elements 
a.,(e-,,eo)  are  convergent  -ocwer  series  of  £-,  ,  Eo  1"°^"  ^-H 
values  of  e.,  £2.   The  eigenvalues  of  this  matrix  are 


\   -   l  +  e-j^  +  So  +  Js  Je^  +  62   . 


Obviotisly  no  arrangement  of  these  eigenvalues  could  make  them 
-oox^rer  series  in  e,  and  z^^   convergent  in  some  neighborhood  of 

This  example  shows  that  it  is  not  true  in  general  that 
the  eigenvalues  of  a  matrix  (a^.^(  £-^,£2)  ),  whose  elements 
a.,  (£n,Eo)  are  convergezit  tomqv   series  of  e^  ,  Ep  in  a 

neighborhood  of  e^  '  ^z^   '''  '^'^^'^  ^lk^^l'^2^  "  ^kl^^l'^2^   ^^ 
real  E-.,  E2,  can  be  considered  pox-jcr  series  in  s-j_,  £2 
convergent  in  a  neighborhood  of  e^  =  E2  =  0.   In  general  the 
eigenvalues  are  the  roots  of  the  secular  equation 

(-l)^dot  (a.,^(E,^,E2)-\ei,J=:v''+c^(ei,e2)\'''^>...+c^^(ei,e2)  =0 

where  the  coefficients  are  power  scries  in  e-j_,  Ep  convergent 
in  a  neighborhood  of  e.  =  e^  =  0.   The  possible  singiilarities 
of  a  root  \   ^   \(E-,,e2)  are  consequently  those  of  an  algebraic 
function  of  two  variables.   The  algebraic  equation  is  special 
in  that  it  is  the  characteristic  equation  of  a  Hermitian 
matrix.   Tlicreforc  all  the  roots  are  real  when  e^  and  £2  are 
real.   In  the  case  of  one  parameter  £  this  is  the  only 
restriction  needed  to  prove  that  a  polynomial  equation  in  \, 
say 


n-1 


\^+  c-^(e)\^"  +  ...  +  c^(£)  = 


iJ  .■     .( 


>,     ys 


i         (        r 


.?    +    i       =       / 


i     ■* 
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with  coefficients  convorrxnt  power  scries  in  e  in  a  neighbor- 
hood of  e  =  0,  is  the  ccciilar  cqtiation  of  a  matrix  whoso 
elements  arc  convergent  power  series  of  e  for  small  Is  I  and 
xrhich  is  Hormitian  for  s.rcal.   Indeed  wo  have  already  proved 
that,  the  roots  \,  (  e  )  , , . ,  ,\^,  (  e  )  are  convergent  power  aeries 


in  e.   Thus 

\'Vc-,{e)\^"^+...+c„(e)  =  i  1  (X-X.(e))  =  (-1)''  det  ((\.(e)-X)5   ; 
-L  n     i— 1  ""■ 


i.e.  our  equation  is  the  secular  equation  of  the  diagonal 
matrix  whose  diagonal  clcricnts  are  \,  (  e  ),..,,  \  (  e ) . 

Wc  now  consider  the  same  question  for  two  parameters 
e-,  ,  Ep.   Can  one  Xirrite  a  pol^rnomial 

V  +  C-,  (  e-,  ,£2 'X '"  +  . . .  +  c  (  e^jEp)    , 

whose  coefficients  are  pox^rer  series  in  e-j  ,  z^  convergent  in  a 
nclghbor'hood  of  s-,  =  Sp  =  0  and  vjhose  zeros  are  all  real  when 
e^  a.nd  ep  arc  real,  in  the  form 

V'+c-j^(e-j^,e2)\'^*''^+. .  .+c^.^(e^,ep)  =  (-1)  dot  (^i]^(  ex»e2- "^'''ik^ 

where  the  a..,{z^,z^)    are  poiior  scries  in  e-,  ,  Sp  convergent 

with  a-i  (e-ijEp)  =  a,  .(e-,,So)  foi'  real  e-|  ,  ep?  The  ans^^for  to 
this  question  in  general  does  not  seem  to  bo  Icno'iTn. 
In  case  n  =  2,  the  answer  is  yos.   Suppose  that 

\"  +  p(  6-^,62 )x  +  q(e^, Eg) 

is. a  polynomial  in  \  of  degree  2  whose  zeros  arc  real  for  real 
e-^  ,  Ep  and  where  p,  q  ai'c  convergent  power  scries  in  e^  ,  ep 
for  small  le-,!,  !epi.   1/c  must  prove  the  existence  of  power 
series  a(e,  jEp),  b(e-,jep),  c:(e,.ep)3  ^(e^jep)  v/ith  real 
coefficients  and  convergent  for  small  ie-,1,  I  Sp '  such  that 


.    u 


.J     i    .      •  V  V     •-   '.' 


.      Jr--:r. 


3         1 
;  * 


/- 


_'^i"  s; 


,  r3  5,Y"  *•••*• 


'AS 


\s.  -\  a  +  ip 


\     +  p\  +  q   = 


c    -   X!. 


b  -\ 


If   such  a,    b,    a,    3  exist,    bhon  tlmj   satisfy  the  i->elations 

q       » 


2        2 

a+b  =   -p      ,        ab-a-p 


or 


2  2  2  2 

(a-b)     +  'i.a    +  iLp      =  p      -   i+q 


Now  p  -  l+q  =  P(  e,  ,6^)  is  a  power  series  in  e.,  ,  Sp  convergent 

for  small  le-,i,  lEpi  which,  is  real  and  non-ncgativo  for  real 
e-,  ,  Ep.   Anticipating  x^c   IcKTma  stated  at  the  end  of  this 
section,  wu  raay  conclude  that  there  exist  two  power  series 
G(e-,,£p)  and  H(e-,,ep)  with  real  coefficients  and.  convergent 

for  fmall  le.,!,  lepi  and  such  that 

P(e^,ep)  --  [G(£^  ,ep)  ]^+  [bKe^^eg)  ]~ 


We  then  set 


jB  =  0  ,   a  =  -^  , 


-J 


-  p 
2'  ' 


,     G  +  P 
b  = 5—   , 


which  provides  a  solution. 

For  s  parameters  e-,,ep,...5e   with  s  >  2,  it  is  not 
always  possible  to  write  F(e^,...5e  ),  which  is  supposed  to 
be  a  convergent  power  scries  with  real  coefficients  and  which 
is  non-nogative  for  real  e-.,.,.,e^,  as  a  sun  of  tlirco  squares 
of  convergent  power  series  with  real  coefficients. 
Consequently  it  is  not  possible  in  general  to  find  a,  b,  a,  ,6 
such  that 

2  2    2    2 

F(  e -J  5 . . . ,  e  ^ )  =  p  -  Lj-q  =  ( a  -  b )  +  ij.a  +  l^p 

Thus  the  fact  that  the  eigenvalues  X(  e-,  ,  , , ,  ,e^  }  of  a 
Hermitian  matrix  arc  roots  of  an  eauation 


dot  (a-T  -  \b,,  ) 

Xil      XK 


)  =  0 


is  (for  s  >  2)  a  moro  stringerxt  restriction  than  that.  Vj-hich 

arises  froia  the  real  character  of  the  roots  for  eT,...,e   all 

1      s 

real,  and  xj-hich  excluded  singularities  altogether  in  the  case 
of  one  paratr.eter.   It  would  be  verj   interesting  to  know  what 
singularities  are  possible  uhen  there  are  an  arbitrary  nuinber 
of  variables. 

The  simple  remarks  r^iadc  above  indicate  that  portiorbation 
theory  for  moro  than  one  perturbation  parameter  is  a  field 
open  for  research. 

T'Jc  conclude  this  section  with  the  lemma  used  above. 

Lemma ;    Lot  F{e^,ep)  be  a  power  series  x%rith  real  coefficients 
convergent  for  small  le-ii;,  ieo!  and,  suppose  F(s-,,So)  is  non- 
negative  for  real  e-,  ,  5^.  Then  there  exist  tvjo  piovjcr  series 
G(e-,,e^)  and  K(e^,ep)  T/ith  real  coefficients,  converging  for 


small  it-.\,     I  ep  i  such  tliat 


=  G^+H^ 


§3«   H on-analytic  perturbation. 

Let  i±{e)    bo  an  operator  which  is  represented  by  the 

licrmitian  matrix  (a,,  fe;)  v;hoso  elements  are  supposed  to  bo 
complex-valued  continuous  functions  of  the  real  variable  e  for 

s  in  the  open  interval  s'  <  e  <  e" .   It  is  well  Irncwn  that  the 

eigenvalues  of  such  a  matrix-:  are  continuous  fi-inctions  of  e  in 
b'  <  e  <  e"  when  ordered  according  to  magnitude,  say. 


X.  (e)  <  \-v:s)  <  ...  <  >.  (e) 


p.  Relllch,  Aufgabe  267,  Jahresbericht  der  Deutclicn 
Mathematiker  Vereinig\ing,  vol.  liQ    (I938).   A  proof  v:as  given 
by  H.  Kneser,  LB  sung  der  Auf-abe  267,  ibid.,  vol.  ^C   (19li.O), 
pp.  29-31.   I'je  shall  give  the  proof  in  an  appendix  to  these 
notes . 


'  r^  ri   ,.. '  .      ,'  J  ■ 
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The   proof  rians   as    follows: 

Denote  by  \   =  \(s)  any  one  of  the  eigenvalues 

A,  (e ),..., \  (e).   Then  for  each  e  in  (e'je*')  there  is  an 

ei^ene lament  u  =  ("a,  .....u  )  such  that 
o  '  1'    '  n 

n__  •.  .  .  • 

\u^  =  Y      a^,^u^    ,     i  =  l,...,n 


and 


Hence  v;e  have 


1 


k=l 


n       _ 

\   =     y  a . ,  u.  u , 

.^h — T   ik  k  1 


Suppose  e-i  and  Cp  are  real  numbers  such  that  e'  <  e-,  <  ep<  e" 

Since  the  a.,  (  e )  a:i 
ik' 

number  M  such  that 


Since  the  a.,  (e)  are  continuous  in  e,  <  e  <  Soj  there  is  a 
ik  1  ~   —  2' 


|a..,,(e)!  <M   ,     i,k  =  l,.,.,n   , 

in  e,  <  e  <  Sp-   Conseq'j.ently  wo  obtain  the  estlraate:   i\l  <  n¥i 

for  e^  f.  ^  <  Sps  i.e.  all  the  eigenvalues  X-,  (  e  ) , . , .  ,A^  (e)  are 

ivniforrrly  bounded  in  e^    <  e  <  e-^.   Mow  v;c  wish  to  prove  for 
■^  1  —   —  c: 

anv  number  e   with  e'  <  s   <  e"  that 
■■'         o  o 

lir:  X.(e  +h  )  =  X-Ce^)    ,      j  =  l,...,n   , 

if  h   is  any  sequence  of  real  moriibers  tending  to  0  as  v  — *-  cr-  . 

Since  e  +h  ,  oxcex)t  for  a  finite  number  of  v,  lies  in  a  fixed 
o    V  ' 

closod  bounded  subintorval  of  e '  <  e  <  e",  the  sequences 

are  uniformly  bounded.   Therefore  one  can  select  a  subsequence 

of  the  integers,  say  v  ,  such  that  \.    "  are  all  convergent. 
Let  us  put 

lim  \  .  =  u  •    • 

J       J 

m— ^oo 


.1-  aI  '   -r. 


I 7 


%  *  »  t  , 


^   !(o'    ..-.' 


.  r  3     > 

3    'ia.rw    .  '-^ 


w. 
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52. 
'Jg  thus  obtain 

^  Ik'  o    v,,^_     Ik     \       1       J         y       n        J      ' 
and  letting  m  — *■  oo  ,  vjc    find 

(-1)'^  dot  (^3_ijUq)  -  ^^li^^  =  (^-lJ-]_)  ..  .(X-i-L^) 

Thorofore    the    sot   of  nurabcrs   Xn  ( e    ),..., A    ^e^)    inust   coincide 

±      o  no 

(V     )  (V     ) 

with  u,T,...,u    .      Since   X-,    "      <    ...   <  \     '     ,    it    is   clear   that 
^1    —   •••   5  M-p»    ^rid  hence 

X-Uq)    =   iJ.^.        ,  j   =   l,...,n      , 

or  ■ ,  .  .   ■ 

X.(e^)    =     lin     A.{e    +h      )      ,      j   =  l,...,n      . 

It  therefore  follows  that   lim  \.(e  +h  )  =  \.(s  ), 

10    V      V  o  ' 
.  _  ,  V— ^00   -  "^ 

J  -  i ,  .  .  . ,  n . 

Although  the  eigenvalues  ( stiitably  ordered)  are 
continuous  functions  of  the  perturbation  parameter  when  the 
perturbation  is  continiiciis,  it  is  impossible  in  general  to 
find  a  complete  orthonorrial  set  of  eigenvectors  whose 
components  are  continuous  functions  of  the  perturbation 
parameter.   Consider  the  following  example:   for  s  ^   0, 


].  1 


9 


1  -  c     cos  —       -  e     sm  — 


'^ik^^^^  "11  1 

"~2:  '~2 

£    .   2     T     e      2  , 

sm  —     1  -  e     COG  --  / 
e  e  ■ 


and 


(a^^(O))  =  {5^j^) 


—  i-  -,-^i;i 


/•;.*. 


.,  ,       .J.L      "( 


'<     .'    •       J'.; 


/     .; 
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vr'  - 
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The  Glemcnts  a.,  (e)  arc  continuous  functions  of  e  for 
-GO  <  e  <  00  .   The  corresponding  operator  A(e)  on  the  two 
dimensional  space  has  eigenvectors  for  e  7^  0 


^^^'{q)    =  (cos  ^,  sin  -i)   , 


1 
e 


1 
e 


(l)(2)(e)  =  (sin  i,-cos  i)   , 


belonging  to  the  eigenvalues 


A-,  [  e ; 


>  = 


1-0 


\2(e)  ==  1 


+  c 


1 
e 


rospestivGly.   Since  \.  ( E )  7^  Xove)  for  e  ^  0,    if  i\'^  (e), 
j  =  1,2,  arc  any  normalized  eigenvectors  belonging  to  \.{z), 

I 


:'->     =  C    •-•     f-'J'(s),   J  =  1,2, 

.1  for  real  e  7^  0.   It  is  obvioi 
J  (1) 

inpossiblo  to  define  a-,  ( e ) ,  say,  in  such  a  v;ay  that  u^   (e) 


j  =  1,2,  respectively,  then  u' 

whore  a.(e),  j  =  1,2,  are  real  for  real  e  7^  0.   It  is  obviously 

tends  to  a  limit  as  e  -->  C,  because 


i  C-,  (  e ) 
e       CO.' 


l! 
cos  - 


has  no  limit  as  e  — 5>  0. 

Note  in  this  example  that  a.,  (e)  is  not  only  continuous 
but  also  has  continuous  derivatives  of  all  orders. 

Since  in  general  the  individual  eigenvectors  do  not 
depend  continuously  on  the  perturbation  parameter  e  even 
though  the  operator"  A(e)  does,  it  is  necessary  to  vjork,  not 
with  an  eigenvector,  but  rather  with  the  space  spanned  by  all 
the  eigenvectors  belonging  to  the  same  eigenvalue. 


.       l^^-      .T 
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51i. 

Consider  a  Hormitian  operator  A  on  the  n-dinensional 

space  jP    .   VJc  shall  denote  by  )p   the  subspacc  of  all 
cigonvoctors  of  A  belonf^ing  to  eigenvalues  v/hich  do  not 
exceed  X.   Suppose  that  X-,  5  Xp  5  •••  <  ^^i  ^^'^    ^^°  eigenvalues 
of  A  and  (f>^  ,  . .  .  ,^'^'    is  3.n   orthonormal  set  of  corresponding 

eigenvectors.   The  subspacc  /?  ^  for  \  <  X-,  consists  of  the 


??\ 


null  vector,    and   for   X  >  X      is   the  v/holc    st)acc    j^    .      VJe 

—     n  -  ^ 

define   the    OTDorator  E,    by 

X  .<x 

E,  projects  V^  '  into  J^.  .   Evidently  E^  =  0  if  X  <  X-,  and 

/v  A  /v  J- 

E-  =  1,  the  identity,  if  X  >  X  .   If  the  interval  X'  <  X  <  X*' 
X  n 

docs  not  contain  anv  of  the  eigenvalues,  then  E,  ,  =  X,  ti  • 
Notice  that  whereas  the  'h'    %.,,,<b'-  '    arc  not  iinlqu.cly 

d.ot ermine d,  the  projector  E   is  unique. 

X 

If  A  =  A(e)  depends  on  a  parameter  e,  then  so  does  E.; 

\ 

and  one  might  ask,  for  e::a.-,rjle,  whether  or  not  E     depends 

continuously  on  e  if  A  does,   (Continuity  of  E- ( e )  means 

co;:.-':inuity  of  the  eleViieiius  of  the  matrix  representing  E^  (  e )  •  ) 

Evidently  E. (e)  will  not  depend  continuously  on  e  at  e  =  e^ 
\  ■  o 

if  X  is  one  of  the  eicirenvalues  \-,{z    )  <  ...  <X  (e  )  of'A(e  ). 

-J-'         l^o—     —  no       ^o 

If  X  7^  X^(e  ),  j  =  l,,.,,n,  however,  we  can  establish  the 

continuous  dependence  of  E, ( e )  on  e  at  e  =  e^.   We  shall  defer 

A  o 

the  proof  to  a  more  general  case  in  Chapter  II. 
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§-!-•   The  least  eigenvalue  is  a  convex  fLinction  of  a  linear 
perturbation  papane^er-. 

Suppose  that  (a.,  )  and  (b.,  ),  i.k  =  l,...,n  are  two 
-  ^ ^ 1  k       '_  ik  ' ' 

Hermit ian  matrices,  and  JLet  \{z) ,    -co  <  e  <  +00,  be  the  least 

eigenvalue  of  the  Hennltian  matrix  (a.,  +eb.,  ).   Then  X(e)  is  a 

conv ex  function  of  e . 

Proof;   Suppose  that  vie  denote  bjj-  A  and  B  the  Kerraitian 
operators  corresponding  tc  (a.,.)  and  (b.,  )  respectively.   For 
anv  real  e  we  denote  by  i   a  normalized  eigenvector  of  A+e^3 
belonging  to  \(e  ).   Thus  we  have 

'o   o  'o    ^  o'^o 
and 

a  +  e  '■>  =  X  (  e  )    . 
o      •  o     ' 

w'^iore  a  =  ((j)^,A(t)^)  and  b  =  (  (|'q,B({)q)  .   Since 

{^,k^)  +  £(({), 39)  >  \{z) 

for  all  vectors  ^   of  unit  length,  it  follows  that 

a+  e::  >  ^(e)    , 

for  all  real  e.   This  inequality  together  with  tho  fact  that 
the  equality  holds  at  s  -  £   shows  that  the  line  y  =  a +  eb  is 
a  lino  of  support  of  tlio  curve  y  =  X(e)  at  s  =  e^.   Since  e 
x-jas  arbitrary,  the  curve  y  =  X(e)  has  a  line  of  support  at 
each  point;  and  therefore  A(e)  is  convex. 


The  lecturer  learned  this  proof  from  C-.  Polya,   See  P.  H. 
Garabedian  and  M.  Schiffcr,  ''Convexity  of  Doraain  Functionals" , 
Journal  d' Analyse  Ilathoriiatique,  Jerusalem,  1952/53. 
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§ 5 .   Different iable  dependence  on   the  perturbation  parameter . 

In  an  example  of  §3  we  exhibited  a  2  X  2  Hermitlan  matrix j 
vrhose  elements  have  continuous  derivatives  of  all  orders  with 
respect  to  the  (real)  perturbation  parameter  e,  but  v;hose 
eigenvectors  are  not  even  continuous  functions  of  s .   However 
the  eigenvalues  have  continuous  derivatives  of  all  orders  with 
respect  to  the  real  variable  e.   This  result  suggests  that  the 
eigenvalues  reflect  the  regularity  of  the  matrix  elements 
vrhereas  individual  eigenvectors  may  behave  quite  badly.. 

We  suppose  that  tlie  functions  a.,  (e),  i,k  =  l,...n. 


which  are  such  that  a.,  (e)  =  a,  . • e )  for  e'  <  e  <  e",  have 
continuous  first  derivatives  in  e '  <  e  <  e" .   In  the  following 

vre  shall  talk  of  an  Herriitian  operator  A(e)  on  j^   for  which 

lirii  A[  e  +  1 1  -  A(  t }  _  A^'jg)  exists  and  is  a  continuous  function 
t— >0 

on  e.   Our  question  is  whether  or  not  there  exists  an  arrange- 
ment X-,(e ),...,  \  (e)  of  the  eigenvalues  of  the  Herriitian 
matrix  (a.,(e))  such  that  the  n  functions  \^(  e  ) ,  . . .  ,?\.  (  e  )  have 
continuous  first  derivatives  in  e '  <  e  <  e'' . 

Let  us  examine  the  case  n  =  2.   In  this  case  the  eigen- 
values are  the  solutions  of  the  quadratic  eauation 


a(e)  -\       a(e) +  ie(e) 
a(e)  -  ip(e)    b(e)  -\ 


~  \^  -  { a+b)\  +  ab  -  c^  -  p' 


x-jhere   a(e),    b(e),    a(e),    P(£)    are  real   functions  vjith   continuous 
first   derivatives    in   e'    <   e   <   e".      For   each   e   the   nuiiibers 

1 

|(a+b)    i  |[(a-b)^  +  a^  +B^]^ 

arc  the  eigenvalues.   Are  these  functions  \-|(e)  and  \p{e) 


rlth  continuous  first  derivatives  in  e '  <  e  <  e''  which 


coincide  with  these  two  nuiabers,  apart  from  order?   The 


;  n:  V.  X 


3    -• 


K 


t  r 


.1 


/-    (^j.. 
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answer  Is  yes,  and  the  proof  follows  from  the  folloTj5.ng 
slraplo  statement  (v;hich  is.  contained  in  a  more  general 
statement  made  on  page  63). 

If  f(e)  and  g(e)  are  real  functions  vjith  continuous 
first  derivatives  in  e'  <   e_ <  e",  then  there  exist s_ _a_  real 
function  c(£)  with  a  c ontihuous  first  derivative  with 

(c(£))^  -  (f(e))^+  (g(e))^ 

for  e'  <  e  <  e'"'  . 

Of  course  v;e  can  iiiimcdiatcly  e::tend  this  statement  to 
any  finite  number  of  functions.   If  f-,  (  e  )  jfpC  e  ) , . . .  ,f  (  e  ) 
arc  real  functions  with  continuous  first  derivatives  in 
e   <  e  <  F."  then  there  exists  a  real  function  c(e)  with  a 
continuous  first  derivative  with 

(c(e))^  =  (f^(s;;2+  {f^{e))^+   ...+  {^^^i^i)^ 

for  e'  <  e  <  e"  .   In  partictilar  there  exists  a  real  function 
C('e)  X'/ith  a  continuous  r?.rst  derivative  in  e   <  e  <  e"  such 
that 

(c(si)^  =  (a-b)'^+  a^+  p" 


If  we  set 


+  0+C     ,  ,_x_a+b-c 


\,  ^  6  /  —      Q      f  A.  Q ',,  E  ;  —      5       f 


then  X-,(e)  and  Xp(e)  have  continuous  first  derivatives  in 
e   <  e  <  e"  and  for  each  e  their  valties  are  all  the  eigen- 
values of  the  matrix. 

Now  we  formulate  the  main 

Theorem:   Suppose  that  A(e)  is  a  family  of  Hormitian  operators 


defined  on  the  n-dimensional  Hilbert  space  77  "  ^-iid  cent 


muous 


in  e^    <  e    <   e" .      Suppose   that 


(,.• 


•J      /' 


p 
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,  ,   a(s  +  t)  -  A(e)  _  -  I  ,  ^ 
lirti  — ' v: i — -   -  A  (e) 


exists  for  each  e  in  e^  <.  s  <  s",  and  A  (e)  Is  Hormitian  and 
continuous  In  e '  <  e  <  e''  .   Then  there  exist  functions 
l-,(e),...,X  (e)  with  continuous  first  derivatives  in  e' <  e  <  e" 


such  that 

A(e)(t5^J^;e)  -  Aj(e)(}.^^^e)   ,    j=l,...,n   , 

for  some  (properly  chorj on )  orthonormal  system  of  vector- 

functions  (j)^   (e),...,<})(e). 

The  proof  of  this  theorem  is  divided  into  two  parts. 
The  first  part  (Thoorem  1,  below)  uses  the  fact  that  the 
eigenvalues  are  not  only  the  solutions  of  an  algebraic 
equation  of  degree   n,  but  more  particularly  the  solutions  of 
the  secular  equation  of  a  Hermitian  matrix.   The  second  part 
(Auxiliary  Theorem,  below)  is  not  directly  concerned  vjith 
eigenvalue  problems,  but  is  a  general  statement  abcat  functions 
of  a  real  variable. 

One  can  relax  the  requirement  that  the  operators  be 
Hermitian,  but  some  condition  must  be  imposed  for  the 
conclusion  to  hold  true.   Consider  the  example 

3 


le'^^ 


(a,^(.)) 


0 


J 


a  2X2  matrix  whose  elei.ients  have  continuous  first  derivatives 
in  -oo  <  e  <  00  .   The  eigenvalues  of  this  matrix  are 


|a^(e)  =  -  ie  I  ''   ,    ^^(e)  = 


e  I 


and  it  is  not  possible  to  "arrange"  the  eigenvalues  to  be 
functions  with  continuous  first  derivatives  in  -od  <  e  <  co  . 


^  •  • 


-  \ 


r:  , 


Ci: 
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V7c    shall    first   prove 

Theorem  1:  '  Suppose   that  A(e)    is   a   faraily   of  Horr:iiti_aii 

oporators  defined  on  the  n-dimensional  Hllbert  space  j^      and 
continuous  for  s' <  _e^  <  e'' ,   Suppose  that 

t-^0       ^ 
exists  for  each  e  in  e '  <  e  <  e" ,  and  A  ( £ )  is  Herniitian  and 


(1) 


1 


continuous  in  e'  <  e  <  s''.   Let  ^^       (  e  )  ,  . . . ,  (j)  "' (  s)  be  an 
orthonormal  set  of  eigonve ctors  of  A(e)  such  that 

A(e)(|)^-^'^(e)  -  ix^.{e)(|)^-'^(e)   ,    j  =  l,...,n   , 
and 

^L^(e)  <  Uo(£}  <  •  •  •  1  •tJ'^(K) 

For  a  fixed  e  in  the  interval  e   <  e  <  e",  _c on s ider 
any  arbitrary  eigenvalue  u,^  (  e  )  .   Suppose  that  u„(s)  ha.s 

riiv.lt Ipli city  h;    say  u.(s)    =  \x   (e)    for  P  <    j   <  P+h-1,    and 

it.ie)  7^  u  (e)  for  1  <  j  <  "^^-l  and  p+h  <  j  <  n.   Lot  us  denote 
3, _P ~ ~   ~ 

''^y  Jj\   the  h-dincnsional  subspace  spanned  by  (j)'^''(e:), 

j  =  p,...,p+h-l,  and  Ict^us  denote  by  F(e)  the ^proTOctor  of 

5^"  into  ^  ■ 

Then  vfc  can  conclude; 
(--)    If  "2:^   is  a  sequence  of  non-zero  real  numbers  tending  to 

0  for  which   lim  <l)^'''(e+r  )  =  vl'^'^'^.  e),  1  =  p,...,p+h-l, 
m— >  0 

exists,  then 

[J-  .(e  +  ^;.J  -  u  (  e)  '  ■  ■  ■ 

lim  -^ ^- -^ =  p  .  (  e  )  ,   j  =  p , . . .  ,p+h-l 

m — »oo         n 

also  exist;  and 
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A(e)vl/'^-^^(s)  =  1x^.(6)4;^ -5' (e)   ,    j  =  p,...,p+h-l   , 


[e]  ,^\i^  -'  {&))    =   5,.  ,      k,j  =  p,...,p+h-l   . 


F(e)A'(e)>/"'(e)  =  Pj.(e)^.'^J^e)   ,     j  =  p,  . . .  ,p+h-l   , 


|i .  (  e  +  t )  -  n .  (  e  )              H, .  (  e  +  t )  -  tx  .  (  e  ) 
(2)   lim  -J r- J =  r.(e),   lim  -^^ ^ ^ =s,(e) 


0  "J      t— ^  0 

t  >  0  t  <  0 


exist,  for  3  =  p,«.,,p+h-l.   The  throo  sets  of  numbers 
Pp(  e  ) ,  . .  •  jpp+h-i^  s  )  and  r^'  e  )  ,  . .  •  >rp^,^_-j_(  e  )  and 

s  ( e ),..., s  ,  T ( e )  arc  the  same ,  apart  from  order . 
P        p+n^x 

(3)    If  llrfi  Ey  =  £  2---^  £   <  E   <  e",  then  the  set  of  nixmbcrs 
V — »ao 

r  (  e  ) ,  . . .  ,r  ,  _^-,  (  e  )  have  at  most  n  cluster  points. 


name 


ly.  r  (e) ,  ...,r,._^,.^_^(e) 


Proof:   Since  {i>''^'' {&+ T  )  A^^  "^ '  [e  +  tr  ) )    =  5,  .,  it  follows  that 
('^'i'    (e),\!/^'^^(e))  =  5,.,    k,j  =  p,  . .  .  ,p+h-l;  and  since 

A(  e  +  2r  )  (j>^  J  ^'  e  +  2-  )  =  p. .  (  e  +  r  )  V  "^ '  (  e  +  2r  ) ,  it  follows  that 
j^/T        m     J   .   Ill  '    ^     m  * 

A(e)\!/^  (e)  =  ^i, .(  e  )il/'' ^  '  (  e  ) ,  j  =  p,,,.,p+h-l.   Moreover  from 

J 

(A(e)  -  Uj.(e))(j)^  J^e+r-^)+  (A(e  +£;.,)  -  A(  e  ) )  (|)^' ^  ^(  e  +  r  ) 

-  (H,(e  +  tr^)  -ti.(e))c|)^-^"^e  +  i^^)  =  0   . 


it  follows  that 


f  .  - 


*  I-,. 
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A(e  +  r  )  -A(e) 

-  -J ^ J — i^A^^h^-^^J)  =  0 

for   any  clement   ij/   in  "%   .      For   \\i  =   ii^^hz)    =     lira  i^^ht  +  7:) 
WG    obtain  as   m  — >  co    the   existence   of  m— ^oo 

M..(e  +  ^  )  -M-.(e) 
lim  -J -^ J =  p  (e)    , 

m— 5^  CO       *'m  J 


m' 


and 


or 


P(E)A'(e)v^j\e)  =  p.(e)v|/^J^e)  , 


J  =  p, . .  .,p+h-l 


Thus  we  have  proved  (1). 

Wow  the  h  n-Linibcrs  Pp(  s  ) .  •  •  •  ^Pp^,^_-^(  e  )  arc  the  h  eigen- 
values of  the  operator  r(s)A'(e)  considered  as  a  Hcrmitian 
operator  on  ^  .   Wg  shall  arrange  them  in  order  of  magnitude: 

7rp(e)  <  ...  <n^^_.^_^{e)         . 

Let   t^   be   any   sequence    of  positive   niAinbers    such   that 

v^rr.  ^^'  "  ^*   ^^""^  ^v  contains  a  subsequence  t^^  =  r  such  that 

V       s»(X)  V       ill 

(  ')  ' 

T  ''  ^^  ■*"%!''  J  ~  P,...,p+h-l  converge  as  m  —^cd   .   Hence,  by 
(i, .  (  e  +  1^  )  -  ^  ^.  (  £  ) 

^^^'   •'■^^  "'^ ^ ' exist,  and  these  h  limits  coincide 

m — >■  00        "^  m 

with  ^p(e)»'».,TLp^^_^.   On  the  other  hand,  we  have 


:<■    >■ 


.Y 


.J 
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> 

m 

for  P   <  k  <    j   <  p+h-1,    and  wc    see   that 

|j, .  (  e  +  r  ^ )  -  ^i .  (  e  ) 

lim     -^ :^- J =  T:.(e)    ,      j   =  p,..., p+h-1 

m — >co  ^ra  "^ 

Therefore  \<!c   have  proved 

ti  .  (  e  +  t )  -  |j, .  (  e ) 

lim  —J -: --i =  r^.  (e)   ,   j  =  ^o,..., p+h-1 

t-»  0        "  -^ 

t  >  0 

c:cist  and  are  a  permutation  of  the  h  eigenvalues  of  ?(e)A'(e) 


on 


-/^  ,   Similarly  wo  can  prove  the  same  for 


u, .  (  e  +  t )  -  IX  .  (  e  ) 

lim  — ^ -r '^ =  s.(e)   ,  2    ~   p,..., p+h-1 

t-^  0        ^  ^ 

t  <  0 

Thus  wc  have  proved  (2). 

Our  arguments  have  shown  that  there  exists  an  orthonormal 
set  c**^   (  e  ),...,  to' ^^  (s  )  -•'-  eigenvectors  of  A(e)  such  that 

7:.(e)  =  (6c?^^'^.e),A'(e)uj'^^,e))   ,   j  =  p, . . .  ,p+h-l  . 

Suppose  that   lim  e   =  e,  and  set  t   -  e  -  e.   Then  there  is 

•^  ^  V  V      V 

V^  CO  ,  .  y  ,  .  X 

a   subsequence     t     =   t        svich   that      lim     co^'^'{&  +  tf)    =    X        (^)» 

^    '^ra     .      m— >  oo 

,i  =  p,..., p+h-1.   Hence  _X     ^^   °^^^  °f  ^^'^  eigenvectors  of 
P(e)A'(e)  on  J)^   .   The  sequence  r.{e  )  contains  a  subsequence 

r-le+Z*)  which  converges  to  {  ^.^  ^\z)  ,A'  [e]  y,^  ^'  {&)  )    which 


—    --•  \ 


.  I  3  \ 
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is  one  of  the  h  eigenvalues  r  ( e ) , . . . ,r  ,  _^( e)  of  ?(e)A'(e) 

on    //Z-  •      This   establishes    (3)j    a^d   the   proof   of   Tlicorera  1   is 
complete . 

¥e    shall  noi\;   prove    the 

Ai.ixiliary  Thcororfi:      Siipposc   that   f-.  (x)  ,f2(x) , , , ,  ,f   (x)    are   n 


real-valued   continuous   functions    defined   in  an   open   interval    I 
such  that   in  I   the    foil ovring   conditions  hold : 

(1)  f^(x)    <   f2(x)    <    ...   1  ^n^""^* 

(2)  At  each  point  f  .(x)  has  a  right-  and  a  left-hand 
derivative,  i.e. 


f  (x+t)  -  f  (x)                f  _.(x+t)  -  f  ,(x) 
r.(x)  =  lim  -J -rr i ,   s.(x)  =   lira  —-^ rr ^ 

J     t-^  0     ^         J     t--^  0     ■^ 

t  >  0  t  <  0 

(3)    If  fp{x)  =  ...  =  fp+i-,.,i(x)  and  f,(x)  ^  f_^(x)  for  i  not 

one  of  the  indices  p,...,p+h-l,  then  r  (x),..,,r     {x) 

is  a  permutation  of  s  (x ),...,  s  ,  -,^x). 

p^   '    '    p+h-1 '  ' 

{li)        If  x^  — >x,  with  X  and  x  in  I,  then  the  set  of  numbers 
r,  (x  )  ,  . . .  ,r  (x  )  i1^.3   at  most  the  n  cluster  points 


Vv"'-"^n'^v 

r^(x), . . .,r^(x) . 

Then  there   exist  n   I'-xnctions   g-|_(x)  ,g2(x) ,  . .  ,,g^(x)    in   I 

with  continuous   firs  t   dcrive^tivos    such  that  at   each  p  o  intxthc 
set   of  n  numbers   g^(x),...,g   (x)    coincides  with  the    set   of  n 

nuraber s   f ,( x ),...,  f   ( x )  . 
1  '    n^ 

Proof;   We  begin  by  making  some  simple  remarks. 


'.'•%■:         . 
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Remark  1 ;   Suppose  that  F(:c)  is  a  continuous  function  in 

a  <  X  <  b,  and  such  that  if  x   is  any  sequence  ^^^ith  a  <  x  <  b 

and  X  — 5»  b  then  P(x  )  has  at  most  the  cluster  points  F,  ,...,P^, 

Then  lim  F(x)  exists  (and  is  one  of  the  numbers  F, ,,..,F„). 
X — >  b 
a<x<b 

The  proof  is  obvious. 
Hcmark  2 ;   Suppose  that  u.(x),  i  =  l,...,n,  are  n  fmictions 

I,' 

defined  in  a  neighborhood  of  a  point  y  in  I,  continuous  v;ith 

continuous  first  dcrivatiyes  in  this  neighborhood.   Svipposo 

that  for  each  x,  u-(x),,.,,u  (x)  is  a  permutation  of 

■L  n 


f-j  (x) ,  . . .  ,f  fx)  .   Then  there  exist  two  permutations  ra-,  , 
and  n-|,...,n  of  the  integers  l,,..,n  such  that 


,m 
'  n 


and 


Uj(y)  =  f,,.(y)   ,   uj(y)  =  r^_(y)   , 

u.(y)  =  f   (y)   ,   u'.(y)  =  s   (y) 

for  j  =  1, . . . ,n. 

To  prove  this,  i-jo    first  note  that  u.(y)  =  f   (y)  for 

some  permutation  a,,.,., a   of  l,...,n.   Now  we  can  choose  a 

1     '  n 

sequence  y  >  y  such  that  y  — »  y  and  u.(y^)  =  f  .^  (y^,)  whore 

the  permutation  m,,...,!:!  docs  not  depend  on  v.   Then  vxc  have 

in 

f     (y  )  -f     (y) 
m.   "  V  a    ^-^ ' 


u '.  (  y )    =      1  im     — '^—^ — ^;-:^ — ^ 

CD 


1  y    -  Y 


Evidently      11m     f^   (y)    =   f^    (y).      Since   f^    (y)    is   continuous 
.■^™,m.v  a.  m. 

it   follows   that   f      (y)    =  f      (y),    and 

m  .    -^  a  .   "^ 

0  J 

f     (y  )  -  ^f"     (y) 

III .   -^  V '        m  /  -^ 

u'.(v)    =     lira  —^ '^ =  r      (y)         , 

•J  V— ^oo  "  V      ^  j 

proving  Remark  2. 
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Remark  3;   Suppose  that  ii_.(x),  j  =  l,...,n,  arc  n  fmictlons 
with  continuous  first  derivatives  in  a  <  x  <  b  where  a  and  b 
arc  points  of  I.   Suppose  that  u, (x) , . . . ,u  (x)  is  a  permutation 
of  f, (x),...,f  (x)  for  each  x  in  a  <  x  <  b.   Then  we  have 

lim  u.(x)  =  f   (b)   ,    lim  u'.lx)  =  s^^  (b) 
x — s-  b   '^        j         x — 5-  b  -^  j 

a<x<b  a<x<b 

and  an  analogous  result  for  the  left  cndpoint  a. 

To  prove  this,  suppose  that  x  — >b  with  a  <  x  <  b. 
Since  the  set  of  numbers  u.(x  ),  v  =  1,2,...,  can  possibly  have 
as  cluster  points  only  f-,(b),,,.,f  (b),  it  follov;s  from 

Rci:iark  1  above,  that   lim  u.(x)  exists.  \io    can  then  choose  a 

x--^  b      '^ 

a<x<b 
sequence   y     — >b  xvith  a  <  y     <  b  and   such  that   u.(y    )    =   f      (y    ) 

^  J 

x-7hcre  n,  ,  . .  .  ,n      is   a   permutation   of   l,.,.,n   independent   of   v. 

Honcc 

lim  u.(x)  =  lim  u.(y  )  =  lim  f   (y  )  =  f   (b)    « 
x—^h   J      v^oo  ^      ^  v-*co  ^j   ^'     ^j 

a<x<b 

Again  suppose  that  x  — >■  o  x-jith  a  <  x  <  b.   In  consequence  of 
Remark  2,    the  set  of  nuabcrs  u'.(x  ),  j  =  l,...,n,  is  contained 
in  the  set  r.(x  ),  j  =  1,,,.  .,n;  hence  the  only  possible  cluster 
points  of  u.(x  ),  j  =  l,...,n  and  v  =  1,2,,..,  arc  the  n 

points  r-,(b ),..., r  (b).   Txicn,  according  to  Remark  1, 

lim  u.(x)  exists.   For  the  sequence  y   selected  above,  wo 
X— »b  ^  ^' 

a<x<b 

have   u^(y^)    =  ^n/^v^*    ''^^^ 

f      (y    )  -f      (b) 
n  .  ^  "^  V  '        n  . 

1  im  u '.  ( X )    =     1  ira     — '^ 7—^ =   s      (  b ) 

X— >b   J  v-^oo  ^v  '^  ""j 

a<x<b 

This  completes  the  proof  of  Remark  3. 
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Wc  now  commence  the  proof  of  our  Aioxiliary  Tiicorom. 
Oi.u''  proof  is  by  complete  induction  on  the  number  n  of 
functions . 

The  theorem  is  true  for  n=l.   In  this  case  r-,(::)  =  s-,  (x) 

from  hypothesis  (3)j  ^'^^^''^   hence  fT(x)  exists  in  I.   If  x  — ^x, 

with  X  and  x  in  I,  then -the  numbers  f, (x  ,)  can  have  only 

r-,(x)  as  a  cluster  point,  by  hypothesis  (I4-).   Thus 

lim  flix    )    =  f'fx),  and  f^Cx)  is  continuous  in  I. 
1^  V     1    '      1^ 
x^-^  X 

Nov;  wo  assume  the  theorem  true  for  l,...,n-l,  and  we 
shall  prove  it  for  n. 

First  wc  suppose  that  K  is  an  open  subintoj?val  of  I 
in  which  there  is  no  point  ::  at  which  f-,(x)  =  ...  =  f  (x). 
Then  suppose  that  x   is  a  point  of  K  such  that  f,  (::  )  =  f.(x  ) 

for  1  <  i  <  m  and  f^Cx  )  <  f .(x  )  for  m  <  1  <  n.   There 
_j_        1^0     J3 

exists  an  open  subinterval  K   of  K  containing  x   such  that 

f  (x)  <  f  .(x)  for  m  <  T  <  n  in  K  .   The  set  of  m  functions 
m    •    J  "  —       o 

f^(x),,..,f  (x)  and  the  set  of  n-m  functions 

f  T (x) , . , . ,f  (x)  each  satisfy  the  hypotheses  (in  K  )  of  the 
Auxiliary  Theorem,  it  follows  from  the  induction  assui'.iption 
--both  m  and  n-m  are  less  thp.n  n--that  there  exist  functions 
g^(x) ,  ...,g^{x)  and  g^,^_^^  (::),..  .,g^(x)  with  continuous  first 

derivatives  in  K  which  coincide  vjith  fT  (x) , . .  .,f  (x)  and 

f .  j_-|  (x)  ,  , , .  ,f  (x),  respectively,  apart  from  order.   Thus  the 

theorem  is  proved  in  K  , 

o 

Let  us  denote  by  L  the  largest  subinterval  of  K  which 

contains  K   such  that  in  L  there  exist  n  functions . 
o 

u,  (x),,..,u  (x),  with  continuous  first  derivatives,  vjhich  for 
-1-         n 

each  X  in  L  are  a  permutation  of  f,  (x),...5f  (x)  .   '-/o  shall 
prove  that  L  =  K,   Let  b  be  the  right  end  point  of  L,  and 
suppose  that  b  Xifero  an  interior  point  of  K.   Prom  Roraark  3, 
wo  have 


lim  u.(x)  =  f^  (b)   ,    lim  n\{x)    =  s^  (b) 
X— ^  b   J       ^j        x-^  b   J       ^j 
a<x<b  a<x<b 


'    > 
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Since   b   is   a   point   of  K,   v;o  miist  have    f-,(b)    =   f -(b)    Tor 

1   <    j    <   q   and   f-|(b)    <   f.(b)    for    q   <    i    <   n.      Hence    f    (b)<f.(b) 

for  q  <  j  <  n  for  some  interval  c'  <  x  <  c  containing  b. 

Again  using  the  induction-as sumption  in  this  lntcrva.1,  there 

exist  functions  v, fx),..,,v  (x)  with  continuous  first 

1        '         '    n 

derivatives    in   c '    <  x  <   c  iihich  for   each  x   arc   a  permutation 
of   f,  (x)j...,f   (x).      According   to  Remark  2,   \<ic  have 

v.(t))  =  f,  (b)  and  v.(b)  =  s,  (b).   Now  let  us  define 

w-,(x),.,.,w  (x)  as  that  !Jcr;-iiutation  of  v-,(x),,,,,v  (xi 
that  w.(b)  =  f   (b)  =  lim  u.(x)  and 

a<x<b 

w.(b)  =  s   =  lim  u'.(x).   Finally  define 
J       ^j   X— >b   J 
a<x<b 


^.uch 


g-.(x)    = 


'u.(x)        for  xinL(a<x<b)    , 


w.(x)         for   b  <  X   < 


Obviously  the  functions  g..(x)  satisfy  our  theorem  in  the 

J 

larger  interval  a  <  x  <  c.   This  is  a  contradiction.   It 

follows  that  L  =  K,  and  our  theorem  is  true  in  K. 

Let  us  denote  by  I   the  subset  of  I  consisting  of  those 

points  X  where  either  f-,  (x)  =  ...  =  f  (x)  or  r-,  (x)  =  ...  =  r  (x) 

is  not  the  case.   The  set  I   is  open,  and  hence  the  union  of 

non-overlapping  open  intervals  I  ,  v  =  1,2,.,,  .   It  is  easy 

to  sec  that  I   does  not  co'itain  any  cluster  point  of  the  set 
V  ■  "^ 

of  points  \irhere  f,(x)  =  ...  =  f  (x).   Thus  if  there  are 
infinitely  many  points  in  I  where  f-,(x)  =  ...  =  f  (x),  there 
can  only  be  a  countable  nuiiiber  and  these  can  onljr  cluster  at 
the  endpoints  of  I  .   VJe  denote  these  points  hj   a-,,ap,,.. 
and  P-.  ,  pp  >  •  •  •  where 

a  <  . .  .  <  ap  <  0.^  <  p,  <  Pp  "^  •  •  •  5  P 

and  a  <  X  <  p  is  the  interval  I  . 
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In  a-,  <  X  <  p,  VIC    can  find  functions  u-,  (x)  ,  ,  , ,  ,ii  (x)  , 
with  continuous  first  derivatives,  which  coincide  with 
f-,{x),..,,f  (x)  apart  from  order.   We  can  do  the  same  in 
p..  <  X  <  poJ  ^^  call  the  fujictions  v-,  (x) ,  . . . ,  v  (x) ,   From 
Remark  3,  it  follows  that 

lim  u,(x)  =  f   (p  )   ,     lim  u'(x)  =  s^  ( p  'j 
x--  P3_  ^  "j   ^       x^  P^  J       ^^j   ^ 

c^<x<p,  a^<x<P-, 

and 

11m  V  (x)  =  f   (p,)   ,     lim  v'(x)  =  r,,^  ( p^ ) 
X—*  P-L  "^       "j  x-»  p^  -^  '-'  j 

p^<x<p2  P-L<x<p2 

Hence    there    is   a  permutation  w- (x) ,  . .  ,  ,w   (x)    of  v-,  (x) , , . .  ,v    (x) 

ju  ij.         -L  n 

such  that   lim  u.(x)  =   lim  w.(x)  and 

x-^  P-i  ~  "^      ^--^  P-i  +  "^ 

lim  u'.(x)  =   lim  w.(x).   Therefore,  if  we  define  in 
x->  p  -  -^      x-^  p^+  '^ 

P-,  <  X  <  Pt,  u.(x)  =  w.fx),  and  u.(Pt)  =  lim  u.(x),  then  the 


X- 


6.-  ^ 


u,(x)  has  continuous  first  derivatives  in  a,  <  x  <  p^,  and  are 

a  permutation  of  the  f.(::).   Continuing  in  this  ^^^ay,  vjc  can 

define  u-,(x),...,u  (x)  functions  with  continuous  first 
1    '    '  n 

derivatives  in  the  whole  Interval  I   such  that  at  each  point  x, 

l1,  (x),...,u  (x)  is  a  permutation  of  f,  (x) ,  . . ,  ,f  ( x) .   Thus  wo 

have  succeeded  in  defining  u^ (x ) , . . . ,u  .(x)  in  l'  so  that 

U-,  (:;)  J  •  •  •  jU  (x)  have  continuous  first  derivatives  in  I   and 

u, (x),...,u  (x)  is  a  permutation  of  f, (x),...,f  (x)  at  each 

point  X  of  l' . 

Finally  we  define  g..  (x)  =  u.{x)  for  x  in  I   and 

g.(x)  =  f.(x)  for  X  in  I -I  .   We  claim  that  g.(x)  is  a 
continuous  function  with  continuous  first  derivatives  in  I. 
Recall  that  I  -  l'  consists  of  those  points  x  in  I  such  that 
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f^(x)  =  ...  =  f.Jx)   ,    r^(x)  =  ...  =  T.Jx) 

VJo  need  only  verify  our  assertion  in  I  -l'  as  it  is  obviously 

true  in  l' .   First  note  that  g.{x)  exists  because 

f^(x)  =  ...  =  f  (x)  and  r^ix)    =    ...  =  r^(x),  v/hence 
J.  n         J-  n 

s,  (x)  =  ...  =  s  (x)  =  r-,(x).   Therefore  r.(x)  =  s.(x),  and  so 
i-  n       J.  J        li 

g'.(x)  =  f'.(x)  exists,  vie   next  must  prove  that  g'.(x)  is 

J       J  ,  J 

continuous  at  every  point  x  in  I  - 1  .   Suppose  that  x   is  a 

sequence  of  points  in  I  -l'  which  tend  to  x,  a  point  In  I  -  l' , 
Then  g'.(x  )  =  f'.(x  )  =  r.(x  ),   Since  the  only  cluster  points 
of  r-j^(x^), .  ..,r^(x^)  are  r-^(x)  =  ...  =  r^^(x),  it  follows  that 

lim  g'.(x  )  =  r.(x)  =  g.(x).   Suppose  that  x   is  a  sequence 
V — >  00   "^  ^ 

of  points  in  l'  ^^rhich  tend  to  x,  a  point  in  I  -  l'  .   Since 

s;l(x  )  =  r.(x  ),  whose  only  -Dosslble  cluster  point  is 

■-VV       J'^ 

r  (x)  =  ...  =  r  (x),  it  follows  that   lim  g'.(x^)  =  g'(x). 

^  V — >co  ^        ^ 

This  completes  the  proof  of  the  Auxiliary  Theorem, 

Theorem  1  together,  with  the  Auxiliary  Theorcra  prove 
our  main  Theorem  (see  pp.  57-58) • 


i:^    .'W    r 
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Chapter  II .   Fertur bat 5. on  of  the  Discrete  Spsctrum 

r 

§1 ,   Power  series  in  Hilbert  Space. 

We  shall  now  consider  eigenvalue  problems  in  a  Hilbert 

space   JQ  of  infinite  dimension.   jQ  is  a  linear  space  eqiilppod 
vjith  an  inner  product,  a  coraplex-valued  fijinctlonal  (written 
(u,v))  defined  for  every  pair  of  elements  u,  v  in  V)  Xv'ith 

the  follot^ring  properties: 


(a)  (u,v)  =  (v,u) . 

(b)  (u,v)  is  for  fixed. u  a  linear  functional  of  v,  i.e. 
(u,av+a'v')  =  a(u, v)  +  a' (u,v' )   for  any  elements 
u,  v,  v'  and  complex  numbers  a,  a  . 

(c)  (ii,u)    >   0,    and   (u,u)    =   0  only   if  u  =   0. 

11  M 

The  norm  of  u   (v;ritten    11  u  !i  )    is   defined  by 

1 
ilull  =   (u,u)~ 

Important  inequalities  are  the  triangle  Inequality, 

l!u-.v!I<  liuiUilvil      , 

and  Schwarz's  inequality, 

i  (u,v!  1  <  liuil-i!  V  t! 
The  Hilbert  space  is  assviiicd  to  be  complete .   If  (v  )  is  any 


sequence  of  elements  i 


in    JQ   su 


n' 


iiv     -V    li  - ->  0      as      n,m  — ^  oo 
then  there   exists   an  element  v   in    jP    such   tha- 


I  v    -  V  il  — &►  0        as      n  — s-  oo 
n 


For  the  elements  of  Hilbert  space  theory  we  refer  to  the 
standard  texts. 


..  r  ■  -1 


:i    •..(■ 
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Example .   The  sot  of  all .  coraplex-valued  functions  u(x,y,z) 
defined  in  Euclidean  x,y,z-space  which  arc  square  integrable. 


n 


/j7 

-co 


lu(x,y,z)  1  dxdydz  <  go 


is   a  liilbort    space,    under   the    inner   product 


00 


(v,u}    =  v(::,y,z)u(x,y,z)dxdydz 


-OD 

Evidently  -. 

CD  ^ 


Hull  =  {^{{   iu(x,y,z)  l^dxdydj 

-00 


An  elomunt  u( e )  of  yp  defined  for  all  (real  or  complex) 
numbers  e  with  IeI  <  p  is  said  to  bo  a  power  series  in  e 
convergent  for  lei  <  p  vrlicn  there  is  a  sequence  of  elements 


u  ,u-,,Up,...  in  jP  ,  independent  of  e,  such  that 


u(  e  )  =  u^  -1-  eu-,  +  e-u--,  +  .  .  .  ,    for  :  s  i  <  p 

^       o    1     2      '  ^ 

More  explicitly,  the  meaning  of  the  infinite  scries  is  that 

lira  llu(e)  -  (u  +  eu,  +  ...  +  e^u  )ll  =  0  ,  for  lei  <  p 
'     ^  o    1         n  ^ 

n— >oo 

Occasionally  we  shall  confine  our  attention  to  real  e.   It  is 

important  to  note  that  convergence  of  the  power  series  is  with 

respect  to  the  metric  of  the  Kilbcrt  space.   To  illustrate  this 

point,  consider  the  funcoxon  u  =  e   *  whore 

1 

2   2   2  2 
r  =  (x  +y  +z  )  ,  and  e  is  a  small  positive  nuinber.   (We  recall 

that  this  function  u(e)  is  an  (unnormalized)  eigonfunction  of 

SchrBdinger' s  equation 

-  ( U    +  U    +  U    ) U  =  \U    ,      -00  <  X,-',  Z  <  +00 

^  XX   yy   z  z    r         '  ' "  ' 


<'^  (> 


.*:    +    ■.■     -^ 


•  i  '       'n     j 


X     ■■•     ■  •  -7 


.       *,    \'' 
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belonging  to  the  cigenvaii^c  X  =  -Z  ,  where  wc  have  put  Z  =  e.) 
Although 


o*- 


I     \  -sr    n      ,12  2 

u(  e  )  =  e    =  1  -  er  +  pT  ^  ^  -  . . . 

1g  evidently  a  convergent  povjcr  scries  in  the  ordinary  sense 

for  all  e  at  a  fixed  point  (x,y,z),  the  q\iestion  at  hand  is 

whether  or  not  u(e)  is  a  pov;cr  series  in  the  perti.irbation 

parameter  e  in  a  neighborhood  of  e  =  0  with  respect  to  the 

norm  iluli=  (  J(  J  lul  dxdydzj  .   The  ansv/er  is  plainly  no. 

^  -00  ^ 

—  £  r 

Indeed  for  e  =  0,  the  function  u(e)  =  e    docs  not  even  belong 

to  the  Hilbert  space,  i.e.  the  function  u(C)  =1  docs  not  have 

a  finite  square  integral  over  the  vrhole  x,y,z-space.   Ifhoreas 

2 

the  eigenvalue  X  =  -e   is  a  convergent  povjer  series,  the 

~Er 

coi-'re spending  eigenfmiction  u  =  e     is  not  a  convergent  povjer 

series  in  Hilbert  space  for  small  lel. 

Certain  wcll-knoxai  concepts  and  theorems  concerning 
ordinary  pov7or  series  can  be  extended  to  pov/or  series  in 
Hilbert  space.   For  exar.iple,  every  power  series  in  Hilbert 
space  has  a  radius  R  of  convergence  (0  <  R  <  oo ) ,  i.e.  the 
power  series  converges  for  every  complex  number  e  when  lei  <  R, 
and  diverges  for  lel  >R.   In  fact,  H  can  bo  computed  by  the 
Cauchy-Hadamard  formula  for  the  radius  of  convergence  of  an 

ordinary  power  series;  if  the  power  series  in  Hilbert  space  is 

2 

u    +  eu-  +  e   u^  +  .  .  .  ,    tr.on  its  radius   of   convergence    is    given  by 

o      1       2       '  o  o        J 


R.  = 


lim  J  III 


n — ^00 


^"■-n 


A  linear  operator  A  defined  on  T^  is  said  to  be  bounded 
if  there  exists  a  number  a  such  that 


HauI!  <  ailuil   for  all  u  in  jP 
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T'le  smallest  n-umber  a  for  T/iiich  this  Inequality  is  true  is 
called  the  bound  of  A  and.   Is  denoted  by  iiAil.   Evidently  the 
bound  of  A  is  given  by 

II  ,  II        n         ,        1  Au 

II A  11  =   l.vi.b.    — — —      . 

-a  ^   Q        liull 

Suppose  that,  for  each  e  with  lel  <  p.  the  operator  A(e) 
is  bounded.   A(e)  is  said  to  be  a  regular  operator  for  lel  <  p 

if,  for  each  element  u  of  J^  ,  A(e)u  is  a  power  series  in  jP  • 
It  can  be  proved",  using  a  theorem  of  Banach,  that  an 
equivalent  definition  is:   there  exist  a  sequence  of  bounded 
operators  A  ,A-,  ,  .  . .  independent  of  e  and  a  positive  number  c 

such  that  for  each  element  u  in  Jp 

2 

(1)  A(e)u  =  A  u  +  eA-,v.  +  e  A-u  +  . .  .  is  a  convergent 

power  series  for  isi  <  p, 

(2)  iiA  uli  <  c^^-^lluli  ,  n  =  0,1,2,...  . 

Suppose   that  A    ,A-,Ap,,.,    is   any   sequence   of  bounded 
operators,    and  a    ,a,  ,ap,,,.    Is   a   sequence    of  nioiubers    such  that 

IIa„  !i  <  a^      ,  n  =   0,1,2,  .. . 

Then  the  ordinary  power  series 

a  +  ea^  +  e  a^  +  , .  . 
o    1     2 

is  said  to  be  a  ma j or ant  of  the  power  series 

2 

A  +  eA-,  +  e  Ao  +  •  • . 
o    1     2 

It   is   obvious    that   if  the  riajorant    series    converp^es   for    lel    <   p, 
then 

2 

A  u  +  eA-,  u  +  e  A-,u  +  . . . 
o  1  d 


P.  Rellich,    StBrvjigstheoric   der   Spectralzerlegung   I., 
Math.   Ann.    vol.    113,   P.    6C0-6l9    (193^),    especially  p.    60?   ff. 
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is  a  convergent  power  series  In  jP  for  lel  <  p.   The  above 
definition  and  statement  can  plainly  be  extended  to  pox-jer  series 
in  several  variables. 

If  an  operator  A  is  not  defined  on  the  ;^rhole  Illlbort 

space  jP  but  only  on  a  dense  subspace  ^j^>    ^"^    is  said  to  be 
bounded  if  there  is  a  nui'ibcr  a  such  that  llAuli  <  allul!  for  all 
u  in  ^O  .   I^  this  case  A  can  be  extended  to  an  operator  on 

jOwlth  the  same  bound,  and  the  extension  is  unique. 

A  most  important  class  of  bounded  operators  is  that  of 
integral  operators.   Suppose  that  k(x,y)  is  a  continuous 
function  of  x,y  for  0  <  x,y  <  1;  then  wc  define  the  integral 
operator 

n 
J. 

Ku  =  (^  k(x,y)u(y)dy 
o. 

for  all  functions  u(x)  continuous  in  0  <  x  <  1,   The  appropriate 

Hilbert  space  J?  in  which  to  study  the  operator  K  is  the  space 

of  all  complex-valued  functions  u(x)  defined  for  0  <  x  <  1 

1 

which  are  quadratically  intograble,  (   lu(x)  i  d:-:  <  oo  ,   The 
inner  product  is  '^ 

1 
(v,u)  =  i  v(x)u(x)dx 

We  thus  have  defined  the  operator  K  on  the  dense  subspace  O 

of  continuous  functions  of  Jp .   Of  course  K  is  bounded;  and 

the  domain  of  definition  of  K,  which  was  originally  O  s  can 

be  enlarged  to  jP  in  an  obvious  way. 

In  addition  to  the  operator  K  x-io    consider  a  family  of 
integral  operators 


K(e)u  =  r  !:(::, y;e)u(y)dy 
^0 


v/hcre 
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2 
k(x,y;e)  =  k(x,y )  +  ek-j_(x,y)  +  e  k2(x,y)  +  ... 

is  a  convergent  power  scries  (in  the  ordinary  sense)  for 
lei  <   p   vrith  the  convergence  uniform  in  0  <  x,y  <  1,  and  where 
k, (x,y) ,kp(x,y) , . . .  are  all  continuous  functions  of  x,y  in 
0  <  x,y  <  1.   Nov;  the  integral  operator  K(e)  may  be  regarded 

as  defined  on  (^  or  on  W  .   In  the  first  case  we  can  extend 

K(e)  to  an  operator  K(s)  on  )}  ,    and  we  suppose  this  '.lone. 

Is  K(e)  a  convergent  pov;cr  series  in  e  for  small  lei?  To  show 

that  it  is,  we  define  the  sequence  of  integral  operators 

1      .  ... 

A^u  =  r  k^(x,y)u(y)dy   ,     n  =   0,1,2,... 

where   k   (x,y)    =  k(x,y)  ,      It    follol^^s   from  our   assui-nptions   about 
k(x,y;e)    that   there   is   a  n\.Tribor   c    such  that 

Ik   (x,y)  I    <   c"^  ,  n  =   0,1,2,..,      , 


n 


and   consequently 


lUuil  <   c^^^llull       ,  n  =   0,1,2,... 

for   all  u  in    j)  .      Therefore 

2 
K(  e  )u  =  A  II  +  eA-jU  +  e   ApU  +  .  . . 

for  le!  <  — ,  and  K(e)  is  a  povjer  series  in  e  for  le   <  — . 
c       ^        -^  c 

.  .If  \-jc   make  the  additional  assumption  that - 
k(x,y;e)  =  k(y,X}e)  for  all  real  e  with  lei  <  p,  then  the 
character  of  the  eigenvalue  problem 

1     .  . 

\     k(x,y;e)({)(y)dy  =  \(j)(x) 
^0 

is  well  Icnov/n.   Every  eigenvalue  X  different  from  zero  has 
finite  multiplicity.   The  eigenvalues  \  and  the  elgcnfunctions 


■»  / 
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depend  on  e.   Are  they  convergent  power  scries  in  e  for  small 
lei?  We  ansx'jcr  this  question  in  a  much  more  general  case, 
replacing  the  integral  K(e)  by  an  arbitrary  bounded  Hermition 
operator  A( e ) . 

§2 .   Perturbation  of  an  isolated  cigcnvaliie  of  finite 
multiplicity  of  a  bounded  operator . 

Theorem  1 :   Suppose  that  A(£)  is  a  bounded  operator  defined 

on  yp  which  is  a  power  series  in  e 

2 

A(  e )  =  A  +  eA-,  +  e  Ap  +  .  •  • 

convergent  in  a  neighborhood  of  e  =  0.   Suppose  that  for  real 

e  with  e  small,  and  any  elements  u,v  in  JP  wc  have 

_[_u, A (e)v)  =  (A(e)u,v),   Suppose  that  \  is  an  eigonv a lue  of 
finite  multiplicity  h  of  the  operator  A(0)  =  A  =  A,  and 

suppose  that  there  are  positive  numbers  d-,  and  dp  such  that  the 

spectriom  of  A  in  the  open  Interval  \  -  d,  <  u  <  \-frd^  consists 

exactly  of  the  point  eigenvalue  \.      Then  thei'-e  exist  ordinary 
povjor  series 

\^(e ),..., \j^(e) 
and  power  series  in  Hilbert  space 

ct)^^\'.e  ),..., <i)-^-^e) 

all  convergent  in  a  no i^^^ b orhood  of  s  =  0,  which  sat Isfy  the 
following  conditions; 

( 1 )  The  element  t'^'  (e).  is  an  eigenelemcnt  of  A(£)  belonging 
to  the  eigenvalue  A,{e),  i.e. 

A(e)f-'-'(e)  =  X^(e)i)^~^(e)  ,   i  =  l,...,h   . 


;:: 
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Piu'^thcrmore   \.(0)    =   \,    i   =   l,...,h;    and  for  roal   e    the    oigen- 


Glcraents   form  an   orthonornal   sot,    i.e.    for  roal   e. 


(<j)(i)(e),ct)^-1)(e))    =   5^.         ,        1,3   =  l,...,h      . 

(2)  For  each  pair  of  positive  numbers  d-,  ,  dp  Xifith.  d^  <  d-,, 
d.l,   <   dg.  there  exists  a  positive  niombor  p  such  that  the  spectrum 


of  A(e)  in  \  -  d'  <  [j,  <  \  +  d„  for  real  e  with  lei  <  p  consists 
exactly  of  the  points  \-.  [&),...  ,\-,{e)  . 

Remark  1«   The  proof  x-jc    shall  give  below  rests  on   the  fact  that, 
as  in  the  finite  dimensional  case,  the  problem  for  the  eigen- 
values can  be  treated  separately.   We  can  derive  an  equation 
for  the  eigenvalues  which  is  independent  of  the  cigcnclements . 

Remark  2.   Consider  the  equation 

(A  -  X)u  =v 

where  v  is  a  given  element  of  J^   .      Since  \    is  an  eigenvalue 
of  multiplicity  h  of  the  liermitian  operator  A  =  A(0),  tho 
homogeneous  equation 

(A-  X)u  =  0 

has  h  linearly  independent  solutions  ^^     ' ,...,^^     '    which  we  can 
assume  to  be  orthonormal 

(<i)^-'^t'^"M  =  5^^   ,       i,k  =  l,...,h   . 

Of  course  the  operator  A-  \  has  no  inverse,  but  there  is  a 
(uniquely  determined)  bounded  Hermitian  operator  R  such  that 


(1)   Rcj)^^^^  =  0  ,   i  =  1,..., 


h 


(2)   R(A  -  \)f  =  f  -2_;  ('-}5^^^f)(t--^^  ,  for  every  f  in  5?  . 

i=l 


,  t 
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If  wc  introduce  the  projector  P  as 

wc  can  rewrite  the  defining  properties  of  R  as 

(1)  RP  =  0   , 

(2)  R(A  -\)  =  1  -  P   . 

R  is  called  the  pseudo-inverse  of  A  -  \. 

If  we  x^rere  in  th.c -n-dimensional  space  j^     ,    then  vjo 
could  complete  ^^     ',...,  (j)'"^"   with  eigenvectors  <j)^^    ,...,^.^ 
belonging  to  the  eigenvalues  X,  ,,..., \  respoctivcly  in  such 

a  way  that  ((j>   ,<{)   )  =  S-v>  ^>^^   ~  l,...,n.   Expanding  u  and 
v  as 

i=l  i=l 

and  inserting  u  and  v  into  the  equation 

(A-  \)u  =  v   , 
VTC  obtain 


and 


i^-'^    ,v)   =    0      ,  i  =  l,...,h   , 

(t'^^v)  =  (\^-X)((|)^-^u)   ,    i=h+l,...,n   . 

Thus  if  the  equation  for  u  has  a  solution  it  is  neccssarj'"  for  v 
to  be  orthogonal  to  all  sol-ations  of  the  homogeneous  equation. 
Assuming  this  to  be  the  case,  we  set 

where  the  u.  arc  arbitrary  numbers;  and  we  observe  that  u  thus 
defined  is  the  complete  solution  of  the  equation.   Lot  us 
denote  by  P  the  projector  into  the  space  spanned  by 


,A 

^i' 

-  \ 

/  . 
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6^   ,...,t|)^   ,  and  by  ?,    "ho  projector  Into  the  one -dimensional 
space  spanned  by  ({)''' ,  1  =  h+l,...,n.   Finally  v;e  define 


^ 


and  we  see  that  R  is  the  pseudo-inverse  of  A-X. 

In  the  general  case  of  a  Hilbcrt  space  j^*  of  infinite 
dimension  we  must  use  the  resolution  of  the  identity  associated 
i^ith  the  bounded  Hermitian  operator  A.   Suppose  that 


00 

A 

''-00 


I   vdE    ; 


then  the  pseudo-inverse  of  A  -  X  can  be  written  as 

^1 
R  =        -^  dE  +       -^  dE  , 

^-00  J  d 

Remark  3,   To  derive  the  equation  satisfied  by  the  perturbed 
eigenvalues,  we  suppose  thait  the  perturbed  eigenvalue  Xie)  and 
corresponding  eigenfunction  ^{e)    exist  so  that 
A(e)«|>(e)  =  \(e)<t)(e).   We  put 

B(e)  =  A(e)  -  A  ,  \i{e)    =  \{z)  -  \      , 

to  find  that 

(A-  \Jt(e)  =  (ti(e)  -B(e))(t)(e) 

Prom  this  equation,  it  follox-js  that 

((|)^^^(lJ,(s)  -D(e))ct)(e))  =  0   ,     i  =  l,...,h   , 


or 


((11(e)  -B(e))(t)^^^cj)(e))  =  0   ,    i  =  l,...,h   . 
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Furthermore  we  have 

(t)(e)  =  v;/  +  r:(a(e)  -  B(e));f)(e) 


where  \!/  =  >    c,  ({>''  '  ,  and  R  is  ths  pseudo-invcrso  of  A  -X. 

k=l 
I,Gt  US  write 

S  =  r.(^L(e)  -  3(e)) 
VJithout  worrying  about  convergence  now,  the  equation 

<})(e)  =  ^i,'+S(l)(e) 
can  be  solved  for  <|)(e)  by  the  Neuraann  series 

00 

<l)(e)  =11:  S''^ 
v=0 

Uith  this  expression  for  tp(e)  we  find 

((^i(e)  -B(e))^^-'^  ^  S'^i^'}  =  0  ,    i  =  l,...,h   , 

v=0 
or 

12  ((l^(e)  -S(e))c|)(^^  XZ  S''<j>^^^)c,^  =  0  ,   i  -  l,...,h   , 
k=l  v=0 

from  which  it  follows  that 

det  (((u(e)-  B(E))(j)(^^  XZ  S^'i^^)))  =  0    . 

v=0 

This  equation  does  not  involve  the  perturbed  eigenve ctor  ^{z) 
and  must  be  satisfied  ( sub j ect  to  convorgonco  con si do rat ions) 
h-j   the  pcrtijirbed  oigenvaliie  A(  e )  =  \+  |a(  e  )  . 

This  is  the  starting  point  for  the  proof  of  our  Theorem  1, 

Proof:   We  define  f.,  (;.i,,e)  by  the  relation 

f.,  (!i,e)  =  ((t.^^^  Yl   (lt-B(e))[R(M.  -B(e))]''  \>'''') 
-^^  v=C 


31. 

2 
Vie   know  that   B{  e )    =  eA-,  +e  Ap  +  ...   has    the  majorant 

ec     +  e    c-^  +  . .  .    .      If    llRll^  r   then  R([j,-B(e))   has   the  majorant 

2 

Hence 


r ( u  +  e c    +  e   c     +  . . . )    =  r  ( u-  +  yZ /     ^^    \e.c\    <  p" * 

CO  /  2    N-l 

>        [R(a  -  E(  e))]'^  has    the  najorant    (l-r(n,  +  Y^-2 — )j       Torovided    i  ^i, 

v=o  \  ^  '^^y 

I  /'      2  X  I   ^ 
and  lei  are  so  small  that  r  ( (j,  +  -.  _   •  J  <  p"  *  therefore 


00 


} { (J,  -  B(e  ) )  [T?(tx  -  B(  e  ) )  ]      is   a   convergent  power   scries   in  \i 

v=0 

and  e  convergent  in  a  neighborhood  of  jj,  =  e  =  0;  and  therefore 

the  same  holds  for 

P(ix,e)  =  dot  (fii,(e)) 

For  real  [i   and  e  tj'g  observe  that 

((i)^^^(M.-B(e))[R(M.-3(e))]^([>(^)) 

=  ([(p.-^(e))R]''(ti-B(e))(l)>^',9-'^) 

=  ((i^-B(e))[R{ix-B(e))]^^^^^<})(^'^)    , 


and  hence  f^,  ((j,,e)  =  f,  .(>.i,e;  for  real  u,  e. 
Now  we  see  that 

CO 

and  hence  F(ii,C)  =  det  (u6_. -  )  =  \x'  . 

JL  i-V 

If  for  small  iel  there  oxistc  a  complex-valued  fiinctlon 

lJ,(e)  with   lim  ^L(e)  =  0  and  F{(j,(e),e)  =  0,  then  we  can  find  h 

e— »  0 
functions  c..  (  e  ) ,  , . .  ,c,  (  e  )  for  vrhich 

h 
y~  f4v(l-^(e),e)c,  (e)  =  0 

and 


t  .  • 


\  ••• '  .  ' 


1  ' ;  f  -   "  ,     1  -! 


;  >,   ■■■    -u  >.*   V 
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h 


c,  (  e  )  I   =  1 

K 

Then  we  define 

^{z)    =  y~  c<e)h^^''      and   (j)(  e  )  =  ^Z  [R(  H-(  e  )  -  3(  e  )  )  J^^'^i  e  )   , 
k=l  ^    ■  v=0 

at  least  for  lei  small.   Since 

({>{£)  =  '•/(e)  +  R(ii(e)  -  B(e))(t){e)    , 
wo  obtain 

(AQ-X)<|)(e)  =  (AQ-\)R(M,(e)  -B(e))<i)(e) 

=:(li(e)-  B(e))ct)(e)- J~  ( <[)(  ^\  ( ii(  e  )  -  B(  e  ))<})(  e)  )<t.^  ^^ 

1=1 

But  we  know  that 

((|)-^^(ij,(e)  -B(e))(t)(e)) 

=  Y~~  ir''   sYZ  (u-B(e))[R(ii-B(e))]''(t)^^-')c    (e) 
k=l  v=0 

h  ■■  ■  ■   ' 

=  }        f^^{n-(e)  ,e)c^(e)    =0      ,  1   =   l,...,h      ; 

k=l 

and  hence 

(A^-X)f',s)    =    (^(e)   -3(e))(})(e) 
or 

A(e)(|)(e)    =    (X+  [a(e)  )<j)(e) 

Since   ^{f,)    =  \i/(e)  +  ;>        [R(i-L(e)  -B(e)]    \l'(e),    it   is   casj'"  to   see 

v=l 

that  lii^  (e)  -  vi/(  e )  II  <  4  for  lei  small.   Prom  this  observation 

and  the  fact  that  IU(e)ll  =  1,  we  note  that  <})(e)  f^  0.     ?Ienco 

(t)(e)  is  an  eigcnelcmcnt  belonging  to  the  oigcnvaluos  X  +  u(e) 

for  small  lei. 
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It   follows   from  tlio  Wcierstrass  preparation   theorem  that 

F(ix,e)    =   {ii^+P;j_(s)u'^''-'-+  ...  +Pj^(e))E(tx,e) 

where  the  povier  series  p-j^(  e  ) , .  •  .  ,Pi^(  e  )  converge  for  small  lei, 
and.E(u,e)  is  a  po^^7er  scries  convergent  for  small  1  l  J ,  lei  with 
E(0,0)  =  1.   There  are  h  functions  ll-|_(  e  )  ,  . . .  ,!J^(  e  ) ,  defined 
in  a  neighborhood  of  e  =  C,  such  that 

.  .  h 

ti^+p,  fe)|j,^'"-^+  ...  +p^{e)  =  TT  (ii  -iJ...(e)) 
i-  n      .^^  J 

and 


lim  ti ,.  (  e  )  =  0   ,       j  =  1 , , . .  ,h 
e— »  0  ^ 

Now  11, (e)  is  real  for  real  e  (with  lei  small)  because  X+^.(e) 

0  II 

is  an  eigenvalue  of  A(e)  if  lei  is  small  enougli.   Si-ncc  the 

operator  A(e)  for  e  real  has  only  real  eigenvalues,  it  follows 
that  tJ,.(e)  is  real  for  real  e.   Since  the  iJ,.(e)  arc  real  for 
real  e,  we  can  suppose  that  }j,.(e),  j  =  l,...,h,  are  power  scries 
convergent  in  a  neighborhood  of  e  =  0.   Wo  select  one  of  the 
p,.(e)  and  denote  it  by  !J.(e).   Moreover  we  can  nov;  take 

solutions  C-,  (  e)  ,  .  .  .  ,c,  (  e)  of  the  h  homogeneous  equations 
X        n 

h  ■■  ■  ■  ■ 

f^.,,(l_i(e),e)c,  (e)  =  0  ,   i  =  l,...,h   , 


i 


=1 
to  be  power  series  in  £  convergent  near  e  =  0;  and  for  real  e 


T~    ic-  (e)l^  =  1 


k^   ^ 


This  is  possible  because  the  f.^  {\i{e)  ,&)    are  power  series  in  e. 
Fvir  therm  ore  the  elem.cnts  i|;(e),  defined  above,  are  also  power 
scries  in  e.   This  establishes  the  existence  of  an  eigenvalue 
\(e)  and  a  corresponding  cigenelemcnt  <|)(e)  which  are  power 
series  in  e  for  small  iel,  and  such  that  \(0)  =  A.. 


.  ■  ^ 


,  \ 


•«%••• 


S  :  .  ; 


.=•1 


i 
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Our    theorem  clair.iS  there  arc  h  such  poi-jcr  series.   Their 
existence  is  easily  proved,  (in  a  way  similar  to  the  corres- 
ponding situation  in  Chapter  I,  §1,  pp.  h3>-hh)    by  complete 
induction  on  the  multiplicity  h.   Wo  shall  not  give  the  proof. 

Wo  now  prove  the  last  part  of  our  theorem.  VJc  define 
the  projector  P(e)  by 

i=l 
and  the  operator  D(e)  by 

D(e)  =  kiz)  '  {d^+  d^)?{e) 

If  u(e)  is  an  element  of  V?  orthogonal  to  the  space  spanned 
by  (jj'-'-' (e  )  ,  . .  .,<{)^^*^  (e) ,  then  D(e)u  =  A(e)u.   Purtherraore  we 

note  that  D(  e  )  (|)^^  ^^  e )  =  (X(e)  -  (d-,^+  d2  ))<|> '  ^'  v  e )  for  real  e. 
Thus  for  real  e  the  spectruri  of  D(e)  is  obtained  fron  that  of 
A(e}  by  shifting  the  eigenvalues  \^{t)    of  A(s)  to  \,A&)   -  d,  -  dp, 
and  leaving  the  other  points  of  the  spectrum  of  A(s)  x^rhere 
thej'-  are.   The  spectrum  of  D(  0)  is  empty  in  X  -  d-^  <  u.  <  X+d,  . 
¥e  must  prove  that  to  each  pair  d'  ,  dp  of  numbers  x/ith 
0  <  d'  <  d   and  0  <  dp  <  dp,  there  is  a  positive  moiiibcr  p  such 
that  the  spectrxora  of  D(e)  Is  empty  in  \  -  d^  <  la  <  A.  +  d2  for 
real  e  with  lei  <  p.   Let  us  put  A'  =\+^(dp-d').   Since  no 
point  in  the  spectr\am  of  D{  O)  lies  in  the  interval 

^d'  +dp        N  /d'  +  d^        X 

wc    find   that  IId(O)   -x')u1i  >   elluJI,     where 

5   =  mm  I  p +  d-j  -  d^  , — p +  "^p  ~     2  I  ^  — ? 


A  <    .'      ". 


-      ( 


I  '. 
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since  D(e)  is  a  power  series  convergent  for  small  iei,  i\re  can 

d '  +  d ' 
find  a  positive  niomber  p  such  that  ll(D(e)  -a')uII  >  ——2 — Hul! 

for  all  u  of  j7  for  iei  <  p.   But  this  implies  that  the 

d|  +  d^  d^  +  d^ 

Interval  x' p ^  1'-  ^  '^'  ■*" p — >      °^  what  is  the  same, 

X  -  d-j  <  [X  <  \  +  dp,  contains  no  point  of  the  spectruxa  of  D(e). 

Thej.-'efore  the  spectriom  of  A(e)  for  e  real  and  lei  <  p  has 
only  the  h  eigenvalues  \-,  (  e  ) ,  . . .  ,\,  (  e  )  in  the  interval 


h^ 


X  -  d '  <  [J.  <  X  +  dl . 


§ 3 ♦   Essentially  self-a d Joint  and  self -ad joint  operat ors . 

A  linear  operator  A  defined  on  a  subspace  Ql     (the 

"domain"  of  A)  of  a  Hlli.">ort  space  y?  is  said  to  be  a 

Plcrmitian  operator  if  (1)  Ci   is  dense  in  jT^  >  ^^<1  (2) 

(v,Au)  =  (Av,u)  for  all  u,  v  in  (X  . 

A  Hermit ian  operator  A  on  Ol     is  said  to  be  Gs_seritially 
self-adjoint  when  the  operators  A-i  and  A+1  map  Ql    onto  dense 

subspaces  of  J/. 

Whereas  in  applications  the  Hermitian  character  of  an 
operator  may  be  easy  to  establish,  it  is  often  difficult  to 
prove  that  an  operator  is  essentially  self-adjoint. 

IT  k   on    OL     is  any  Eermitian  operator,  then  the  operators 
Y{.    =  (A-1)"   and  R_.  =  (A+i)"   are  defined;  but  their  domains 


P    and  O^      , 

not  dense  in  j'p  .   It  is  clear  that  the  operators  A-i  and  A+i 

map  ul  in  a  one-to-one  uay  onto  -Jjp   and  ;i— /„   res-oectively, 

"i  "-i. 

hoviever.      If  A   on    OL     Is    essentially    self-adjoint,    then    /_-), 
i— /p        are   dense    subs'f-aces   of   J^  . 


'_      and    i—) ^      ,   respectively,    might   be    subsoaces  which  are 


^i 
and     .,p^^ 


I     ;    «  ^^ 


<,'..       ^' 


+       A 


Si,      !■ 


S6. 

A  Hermit ian  opei-'ai;or  A  en    Oi     is  said  to  be  self-adjoint 
if  and  only  if  A-i  and  A+i  each  map  (X     onto  j^ ,  i.e.  for 

each  element  f  in  J?  there  exist  elements  u  and  u  in  6^ 
such  that 

(A-i)u  =  f   ,  (A+i)u  =  f 

Let  Xl   be  the  Hilbert  space  of  functions  v.{x,:f,z) 
00  ,  ,  2 
^*-epe  jCf   lui  dr  exists  in  the  sense  of  Lebesgue  and  is 
-oo 

finite  ,  with  the  usual  iimer  product  {v,u)  =  JT/  vudo  . 

••Je  consider  SchrBdinger '  s  operator  "°° 


2Z 
u 


Hu  =  -  ( ^i  ,^  +  u   +  u   )  -  — 
yjK        yy   zz^   r 

defined  on  the  domain 

i^p'      (1)   u(x,y,z)  has  continuous  second  derivatives 
in  the  i;h ol e  x ,  y ,  z  -  spa  c e  , 

oo      --I  fX) 

(2)     Jff  iu|2ar<  »    ,    XJ'/I'^"+  f  u|2d-B.  cc    . 

-CD  -CO 

It  can  easily  be  proved  that  H  on  0,^   is  a  Hermitian  operator, 
and  it  is  also  true  (though  not  trivial  to  prove)  that  H  on 
i^.j  is  essentially  self-adioint . 

An  operator  B  on  ^  is  said  to  be  an  extension  of  A  en 
Ot  when  ^  ^  (X.    and  3u  =  Au  for  every  element  u.  in  0(.   It 
is  called  a  trivial  extension  if,  for  each  element  u  in  ^, 
there  exists  a  sequence  (uj  of  elements  in  01     such  that 
u^  — ^  u  and  Au^  -^  Bu.   A  trivial  extension  of  a  Hermitian 
operator  is  Hermitian. 

Every  Herm.itian  extension  of  an  essentiall^r_s elf- a dj oint 
operator  is  a  trivial  extension. 


By  d'C  we  mean  dxdydz. 


■  .■■>.■•     «. 


•'!    I'.l:' 
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Proof:   suppose  that  .  oa  OL   is  essentiaU,  seir-adjolnt, 
and  that  B  on  1^  Is  a  He^itlan  extension  of  A  on  OC  .   Let 
u  be  an.  element  m  ^  .  and  define  the  element  f  as  f  =  Bu  -  iu 
3.nce  the  set  of  elements  U-i)u  .ith  u  in  ^  is  ,ense,  «.ere 

r: :  ^  ?"^"^''  '"-*  ■^'^-  ^  ^--'^  ^^^^  '-^^-n  --^r.  can 

03lng  the  Hermltian  character  of  B,  „e  obtain 

n  n     • 

Therefore  as  n  — *  co   wp  f^n-,-,^ 

1  -*oo,  ue  find  u  -^u  and  Bu  -^  3u  t-rhioh 
proves  our  statement.  ^      '  ^""^ 

The  domain  of  an  essentially  self  ah.-^.-  • 
not  large  enough  in  pen^r^l  to  ''^/:^^-^^J°^--  °Perator  is 
functions  (of  the  poi.r     I   "    "  '  '°""'^'°  ^^'^  °^  -^Sen- 
basie  resu  t  is  t.T  '""^   -ntinuous  spectrin).   The 

result  is  that  every  essentially  sclf-^H  nn.'n^ 
has  a  Herraitian  extension  ..hose  domail  o  .  -  " 

in  our  example  we  have  the  eigenvalue  equation 

-  ^^^  -  ^u  =  xu   . 

Since  the  Coulomb  potential  -  ^Z 

origin  it  ^.^c^i-  .  r  n.s  a  singularity  at  the 

igin.  It  .aight  even  be  expected  that  a  solution  u  of  th 
eigenvalue  equation  woulo  also  be  .,    ,  '^^ 

-w  (see  page  12)  that  V=  0-^-3    '^'^^  ''  '^^  °^^^^^-  ''^ 
tn  hH     .  ^-  eigenfunction  belonging 

to  bhe  point  eigenvalue  -z".   Althouo-h  ^  • 

*0le  ......space,  the  aeri;atL: ^  ^  -  xV=S"™'"^'-=  ^"  *^ 

continuous  at  the  origin,  and  there?ore/i:  notlTL.., 

-  ^H-   "<=  define  the  extension  „  on  (^  of  „  on  T)      as 

loiiows:  ' — ^H 


•T   ^  '^h  :<• 


r..,-;.f' 


■     ir 


'  I  •     1  ■='?■  » "' 


5JH_    -i 
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(y   :   (1)   u(x,y,2:)  lias  continuous  second  derivatives 
^"^  9    o    p 

in   0  <  x"  +  y"  +  z~   <   oo  , 

(2)  rn'  lu!-dT:<  00    ,    jlfiAu  +  ^uPdr  <  CO   , 

-oo  -oo 

2   2   2 

(3)  u,  u„,  u..,  u^  arc  bounded  in  C  <  x  +y  +z   <  1; 

-•C    J  z 

IIu  =  -  Au  -  -^u  . 


(It  is  customary,  though  not  strictly  logical,  to  use  the 
sar.ic  letter  H  for  the  extension.) 

It  is  easy  to  see  tha.t  H  on  (^  is  a  rierrriltian  extension 

of  H  on  LJti»   (Since  11  on  Z^^.   is  essentially  self-adjoint, 

the  extension  is  trivial.)   Obviously  (p  is  conta.ined  In  (^  . 

If  A  on  (yi    is  lierr.iitian,  then  the  closure  of  A  on  (K 

is  the  Hormitian  operator  A  on  ^  v/hich  is  defined  as  follows: 

Cft  ^^   the  set  of  all  cloiiicnts  u  in  jQ  ,  for  which  there  exists 

a  sequence  (u  )  in  Ot     such  that  u  — s>  u  and  Au.  converges. 

Then  define  Au  =   lim  Au ^ ,  and  prove  that  A  on  <^  is  a 

n — 5»  oo 
Herniitlan  operator. 

The  closTore  of  a  2i e rr.iitian  operator  is  a  tri vj. aj^ 
extension. 

A  linear  operator  A  en  (K.     is  called  hyperraaxiraal ,  or 
self-adjoint,  if  it  is  die  closure  of  an  essentially  self- 
adjoint  operator. 

A  Hermit Ian  operator  A  on  Ct     is  hypermaximal  if  and 

only  if  the  two  operators  A-i  and  A+i  map  CJt    onto  the  whole 
Hiltaert  space  j^  . 


For  each  hypermaximal  operator  A  on  (^  ,    there  is 


a 


lonlquc   resolution   of   the    identity  E    ,    -oo    <  x   <   +co  ,   vjith 

A 
00 

A  =  J  '^^y        ^^ '    Neumann,  Stone).   If  \-,  <  Xp  ^^®  ^^^7  finite 

numbers  and  f  is  any  cleraont  of  j^   »  then  (S^  -  E.  )f  is 

-  ^2    ^1 

in  01   , 


V    '    -'>■ 


-i'.C-.-. 
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ii|,   Closeablo  operator g. 

A  linear  operator  A  irhose  domain  4— ^z'  ^^  ^'^'^J   su.bspace  of 

the  Hilbort  space  j^  is  too  general  a  notion  to  bo  applied  in 
functional  analysis.  Uo    shall  illustrate  this  point  with  a 
few  examples.   Consider  the  Hilbert  space  ^  of  complex-valued 
fvmctions  f(x)  of  the  real  variable  x  on  0  <  x  <  1  for  which 

1,     ,2  ^1« 

J'f  (x)  i  dx  <  oo  with  the  inner  product  (g,f)  =  \  gfdx. 
0  '  "^0 

Then  we  feci  that  the  operator  A-,u  =  u"  on 

J. 

01^  :      u,  u'  ,  u"  contlniious  on  0  <  x  <  1 

is  a  reasonable  operator,  as  is  ApU  ^  u"  on 

Olpi      u,  u'  continuous  and  u"  pieccwise  continuous 
in  0  <  X  <  1. 

Obviously  Ap  is  an  extension — indeed  a  trivial  one— of  A-,  .   The 
equations 

A-,u  =  0   v/ith  u  in  Ot -, 
and 

ApVi  -   0   with  u  in  ^ ^ 

have  the  same  solutions,  the  two  linearly  independent  functions 
X  and  1  which  lie  both  in  OX-,    and  Ot -^  - 

ITow  define  the  operator  A^u  =  u''  on 

Ot ^:      u  continuous,  u  ,    u"  piccoHisc  continuous  on 
0  <  X  <  1. 

(ITote  that  u"  is  defined  except  possibly  at  a  finite  n^'Jinbcr 


when  u  is  in  Ot^    or  ^2'  '-'-^"^  °^  course  u"  is  assumed  to  be 
in  3^  .  )   VJe  immediately  feel  that  the  operator  A^  on  OX  ^    i; 
pathological.   The  equation 


A_u  =  0   with  u  in  OX ^ 


'^i.'"'.  :'■'',  \ 


■j  f 


■■r>, 


^    5j.i  '■'  iw 
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has  infinitely  many  solivbions,  because  every  continuous  piece- 
wise  linear  function  in  0  <  x  <  1  lies  in  01 ^   and  satisfies 
tlie  above  equation.   V/e  shoixld  like  to  exclude  the  operator 
A_  by  some  requirement  v;hich  does  not  exclude  A-,  or  Ao  • 

J  A.  C. 

It  is  clear  that  it  is  not  enough  to  require  that  the 
domain  of  the  operator  be  dense,  because  ^   is  dense  in  i?  . 
A  suitable  restriction  was  given  by  v.  Neumann,  who  introduced 

the  important  concept  of  a  closed  operator  A  on  O , • 

A  linear  operator  A  defined  on  a  dense  dorialn  T^ ,    is 


re 


j-^A^  "t'o  ^Q  closed  when  overy  element  u  in  i?  for  vj^Liich  the 
is  a  sequence  u^  in  fj  ,  such  that  u^  — 5>u  and  Au  converges 

lies  in  ^.. 

It  is  easy  to  see  tiio.t  A^  is  not  a  closed  operator,  and 
consequently  would  bo  crccludod  if  wo  restrict  ourselves  to 
closed  operators.   Unrortunatcly  A-,  and  A-  arc.  not  closed 
cither,  but  wc  should  not  like  to  exclude  them.   V7c  can, 
however,  replace  these  operators  by  Au  =  u"  on 

_  1 

(Jt  X      u  continuous,  u'  absolutely  continuous,   }!u"|^dx  <  oo 

which  is  a  closed  extension  of  A-j_  and  Ag .   But  since  wc  wish 
to  avoid  the  problem  of  f5.nding  the  closures  of  operators 
(like  A-j^  or  Ap )  which  occur  in  applications,  it  is  convenient 
to  iTork  instead  with  ''closcablo''  operators. 

A  linear  operator  A  defined  on  a  dense  domain  Q,  is 
said  to  be  closcable  if  T/henevor  u   is  a  sequence  in  -M   and 
f  is  an  element  in  ^7  such  that  u^_  -^  0  and  Au^  ~~^t   then  it 


follows  that  f  =:  0 . 

It  is  clear  from  the  definition  that  an  operator  which 
is  not  closcable  is  "very  discontinuous". 
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Plainly  an  operator  is  closeablo  if  it  possesses  a 
closcable  extension  (which  may  be  closed).  Bounded  operators 
and  Hermitian  operators  are  closeable. 

To  show  that  A-.  on  ^  -  is  not  closeable,  consider  a 

sequence  s  (x)  of  continuous,  piecei^rise  linear  functions  vAiich 

n  2 

converge  uniformly  to  x   in  0  <  x  <  1 .   Let  us  call 

X  -  s  (x)  =  u  .   Then  u.^  — >  0  and  Au„  =  2  — s- 2  4   0. 

n       n         li  n 

Moreover  we  shall  now  show  that  A.,  on  OT -,  and  k^^   on  OX p 

are  closeable.   It  suffices  to  prove  that  Ap  is  closeable 

because  Ao  is  an  extension  of  A-,  .   Suppose  that  u  is  a 
2  i     "^ "  n 

sequence  in  (K ^^   and  f  is  an  element  in  5^  such  that  u  — >0 

and  A^u  — >  f .   Then  lim   (w,AoU  )  =  (w,f )  for  every  element 
2  n  ^  '  2  n      '  "^ 

n — >co 

w  in  Jp  .   In  particular  this  is  true  for  all  'w  in  the  subspace 

r_)  of  functions  i\'ith  continuous  second  derivatives  and  such 
that  w{0)  =  w'(0)  =  w(l)  =  w'(l)  =  0.   In  that  case 

1  1 

(w,A2U^)  =    wuj^^dx  =  f  w"u^dx    j 

0  0 

and  hence 


(v7,f)  =   iim  {w,Aoi-i  )  =   lim   \  v;"u  dx  =  0 
n — >oo  n — ^00  J„ 


because  u^  — e.  0.   Since  (:j,f)  =  0  for  all  w  in  Q  ,  a  dense 

2 


n 
subspace  of  S9  >  we  can  conclude  that  f  =  0.   Therefore  A 


on  GX ^   is  closeablo. 

If  A  on  ^^  is  closeable,  wo  can  define  a  trivial 
extension  in  the  followlnn;  vray:   Let  us  denote  by  GC     the  set 
of  all  elements  u  in  j7  for  vrhich  there  is  a  sequence  z   in 
O,  and  an  element  g  in  j?  such  that 


lim  Ilz  -uli  =  0  and    lim  IIaz  -  g  II  =  0 
n  n 

n — s>co  n — a^oo 


-  i.'. 
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If  y   is  another  sequoncc  in  £j.,  and  h  is  an  clement  in  j? 

such   that      lim     lly    -  uil  =   0  and     lim     Haz    -hll  =   0,    then 
n— *'00      ^  n — >oo         " 

u     =z     -e      isa   seouence    in    i"  J,    and  f  =  e  -h  is   an  clement 
n  n     "^n  "  '-^a 

in    ^     such   that      lim     li'u    il  =   0  and     lim     II Au    -f!l  =   0.      Since 

n — ^  00   ^  ■"■  n — 5>  00 

A  on  f_)^    is  closeable,  it  follows  that  f  =  C;  and  tlierefore 
g  =  h.   Thus  if  u  is  in  ^  ,    but  not  an  element  of  >_J,,  >  we  can 

define  Au  =  g  =  h,  and  this  definition  is  independent  of  the 
loarticular  seeuence  z   or  y   selected.   Evidently  v;e  obtain  a 

linear  operator  A  on  Ol     which  is  a  trivial  extension  of  A 

on  -O,  .   Moreover  it  is  easy  to  show  that  A  on  OX.      is  a  closed 
operator.   Thus  we  have  proved: 

Every  closeable  operator  has  a  closed  trivial  extension . 
On  the  other  hand,  it  follows  immediately  from  the  definition 
that : 

An  operator,  defined  on  a  dense  domain,  whi ch  ha s  a  closed 
extension  is  closeable. 

Associated  vfith  a  linear  operator  A  defined  on  a  dense 
domain  l_J^»    there  is  an  adjoint  operator  a"  on  J-^,-;:-  defined 
in  the  following  way:   -O- -"-  ^^  '^^^   subspace  of  all  elements  v 


r'^^iX 


in  j7  for  which  there  exists  an  element  f  in  ^  svxch  that 
(v,Au)  =  (fju)  for  every  element  u  in  -Oa  •   (Since  ?3/>  i^ 

dense  in  j7  ,  there  is  at  most  one  f  in  jj   to  each  v  in  jj.  . ) 
For  v  in  ;0^-;;-  define  a"'V  =  f . 

An  operator  with  dense  dom.ain  is  closeable  if  and  only  if 
the  domain  of  its  adjoint  is  dense. 

The  proof  (due  to  v,  Hei;imar-n  for  "closed"  rather  than 
'' closeabld'  operator  s)  runs  as  follows: 


(     ^ 


'i~':^^'^n:      --il 


,     V. 


::.'.!-<  -r    :i    ?;.      «^i  » 


■  Tf-:-.  1.     "  t' 
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Part  I.   Suppose  that  A  on  O.  has  an  adjoint  A  on  ■Lj.'.<r 
v;ith   D,--:-  dense  in  ?}  .      If  u  is  a  sequc-ncc  in  iJ,    and  f  is 
lemont  of  5?  such  that   lim  ilu  II  =  0,   lim  II Au^  -fl!  =  0, 


an  e" 


n-^oo  n — >cx) 


then  (v,f)  =   lira   (v,Au  )  =   lim   (Av,u^)  =  0  for  every  element 
n — >oo      "     n — 3>-  CO 


V  in  O.-:;-.   Since  £3  •••::•  ^^^  dense,  it  follovjs  that  f  -  0. 
Therefore  A  on  i_J,  is  closeable. 

Part  II.  Suppose  that  A  on  O,,  is  closoablo  and  that 
jj,  is  dense  in  S2  .  Then  A'""  on  ij^.;i-  is  defined.  Mo  shall 
denote  by  ^  the  Hilbert  space  of  all  couples  [f,g.l  T-rhere  f 
and  g  are  any  elements  of  j7  with  the  in-ner  product 

([g,h]Jg',h'])  =  (g,g')  +  (h,h')    . 

Let  jg/be  the  subspace  consisting  of  all  elements  [A"v,-v]  with 

V  in  ^  )  .".,  and  let  J   be  the  subsnace  consisting  of  all 
elements  [u,Au]  with  u  in  /-Ja  •   Plainly  ji:^   is  orthogonal  to  J 
because  (A'\,u)  -(v,Au)  =  G.   Let  us  denote  by  J  the  subspace 
of  'yf  consisting  of  all  elcnents  orthogonal  to  ^,   Obviously 
0'  is  contained  in  0'>  ^^'^   I'^e  want  to  show  that  J  is  dense 

in  f/  (  in  the  sense  of  the  metric  of  ^^ )  .   If  this  were  not_ 
the  case,  there  would  exist  an  element  [gjh],  not  [0,0],  in  J 

which  is  orthogonal  to  J  ,  i.e.  (g,u)  +  (h,Au)  =  0  for  all  u 

in  ^_^r»      Furthermore  any  clement  in  j  is  orthogonal  to&^so 

that  (g,A'"'v)  -(h,v)  =  0  for  all  v  in  5-',-;;-.   The  first  equation 

implies  that  h  is  in  /3/<v-  S-^d  that  A'^Ta  =  -g.   The  second  then 
yields  for  v  =  h  the  result  that  h  =  g  =  0.   Since  this  is 
contrary  to  our  assixmptlon  that  [g,h]  ^   [0,0],  \}c   have  proved 
that  J  is  dense  in  J  . 
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Now  if  r)^-x-  were  not  dense  in  5?  ,  then  there  would 
exist  an  element  f  ^  0  in  5?  such  that  (v,f)  =  o  for  all  v 
^^  <C-)^-:;-'   Hence  [0,f]  is  orthogonal  to  ^e/ and  consequently 
is  in  "^  .   Since  T  is  dense  in  "^ ,    there  exists  a  sequence 
^,^  in  'p^   such  that  [u,,Au.^]  -^[Q^f],      ^his  means  that 
\  -*  0  and  Au^  ^  f ;  but   since  f  ?^  0 ,  this  contradicts 
oiu'  assumption  that  A   on    0^  is  closeable.   Therefore 
X3a-:;-  is  dense  in  5?  • 

V7e  sum  up  our  results.   If  A  is  a  linear  operator  defined 
on  a  dense  domain,  then  the  follox,ring  four  statements  are 
equivalent; 

( 1 )  A  is  closeable . 

( 2 )  A  has  a  closed  trivial  extension . 
(  3  )   A  has  a  closcd_  extension . 

( k )      The  domain  of  the  adjoint  A""'  of  A  is  dens_G . 

§ 5 .   Regular  (not  necessarily  bounded)  operator s . 

For  a  family  of  bounded  operators  A(e)  defined  on  the 
whole  Hilbert  space  57  ,  one  can  define  regularity  of  A(e) 
(with  respect  to  the  perturbation  parameter  e)  as  follows: 
A(e)  is  said  to  be  regular  in  a  neighborhood  of  e  =  0  vihen 
for  each  element  u  in  5?  ,  independent  of  e,  the  element  A(e)u 
is  regular  in  that  neighborhood  of  e  =  0.   In  general  if  a( e ) 
is  linear  but  not  necessarily  bounded,  then  the  domain  Ol{z) 
also  varies  with  e.   Suppose  one  were  to  define  regularity  as 
in  the  bounded  case  by  saying  that  A(e)  is  regular  in  a 
neighborhood  of  e  =  o  when  for  each  element  u  in  ^  (e), 
independent  of  e,  the  eloracnt  A(e)u  is  a  regular  f;inction  of  e 
in  that  neighborhood  of  e  =   0.   Unfortunately  it  might  happen 
that  the  only  element  u  in.  Oliz),    independent  of  e  for  e  in 
some  neighborhood  of  e  =  o,  is  the  element  zero,  in  which  case 
the  definition  has  no  significant  meaning. 


^^ 
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Wg  no\-j   define  rcr-ularity  In  the  general  case. 

PMiilili££Li-   A  family  _cf  linear  operators  A(e)  on  tne  domains 
. <^(e)  defined  for  each  e  in  a  complex  (real)  no_i^iborhnnd^ _of 
-  =  Q  is  said  to  bo  regular  y/ith  rcspoct  to  e  Ijia   conplex 
.(real)  noipjhborhood  of  e  =  0  when  the  following  tvwj]pr^2ll2I!^ 
gJ'-Q,  s^^isfied  in  a  complex  (real)  neighborhood  of  e  =  G: 

( 1 )  There  exist  bomidod  regular  operators  TT(  e  ; 
mappine;  the  T.rhoio  nUbert  space  5?  in  a 
one-to-one  way  onto  Ot{& ) . 

( 2 )  The  element  A(e)TT(e)  is  a  regular  el -smcnt 

for  each  element  f  in  i2  v/hich  is  independent 
of  f:. 

If  ^{e)    =  ^     and  A(e)  on    St     is  bounded,  wc  can  put 
U(e)  =  1}  and  this  is  in  agreement  with  our  earlier  definition 
(SCO  page  73) . 

A  sufficient  condi:ion  for  the  regularity  of  an  operator 
A(e)  on  Oti^)    is  afforded  by 

Criterion  1 .   Suppose  ttoa t_  y  is  a  complex  number  _(_indcpendont 
of  e)  such  that  in  a  neighborhood  of  e  =  q  the  ODora^-^or 
A(£)  +Y  has  a  regular  and  bounded  inverse  with  domain  Jrz 
-^_en,  A(e)  on  (JXjz)    is  rorailar  in  a  neighborhood__of  e  =  q. 

The  proof  is  immediate.   Call  R(e)  =  A(e)  +y)"'^.   Then 
R(e)  is  a  bounded  operator,  regular  in  a  neighborhood  of  e  =  0, 

vrhich  maps  S2     onto  ^(e).   For  each  element  f  in  j^  ,  the 
clement  A(e)H(e)f  =  f  -Yr.(e)f  is  regular  in  a  nci--nborhood 
of  e  =  0.   Thus  the  criterion  is  established. 

Tiieorem  1  below  will  show  that  Criterion  1  is  not  only 
sufficient  for  regularity,  but  nearly  necessary. 

V'e  shall  first  prove  the  following- 
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Lemnia ,   Suppose  that  A  Is  a  linear  operator  defined  on  a 
dense  subspace  0(     of  the  Hilbert  space  Jf?  .   Suppose  that 
the  domain  Ql      of  the  adjoint  operator  A"  is  also  dens^. 
I  f  U  is  a  bounded  opera  tor  vrith  domain  y2  S-^^d  range  0(    , 
then  AU  is  a  boiinded  operator  with  domain  J?  . 
Remark.   If  A  is  Hermitian,  then  0[    is  dense  from  the 
definition;  and  01     ,    ixhich  contains  01   ,    is  also  dense. 

This  lemma  is  a  generalization  (and  consequence)  of  the 

important  theorem  that  every  linear  operator  A,  whose  domain, 

•le- 
as ijell  as  that  of  its  adjoint  A  ,  coincides  with  the  whole 

Hilbert  space,  is  bounded  (Stone,  page  61). 

Proof.   The  operator  B  =  AU  is  defined  on  )}   .   Lot  us  denote 
by  b"  on  Jp  "  the  adjoint  of  B  on  jI  ,    and  by  Tj"  on  j7  the 
adjoint  of  U  on  ^?  .   For  any  element  v  in  ^   and  any 
element  u  in  j^  »   we  have 

(v,Bu)  =  (v,AUu)  =  (U'"'A'"V,u)  =  (f,u) 

where  we  have  set  f  =  tj"a"v.   Consequently  Ql      is  contained 
in  .>M",  and  hence  -^   is  dense.   We  shall  prove  in  fact 
that  ^     =    y^    ,      Suppose  that  w  is  any  element  of  jT.  ,    and 

V   is  a  sequence  in  ^      converging  to  w,  i.e. 

lim  llv   -  wll  =  0.   Since  (v  ,Bu)  =  (f  ,u),  where  f  =  b'V  , 
n — ^CD 


wo  have   lim  (f  ,u)  exists  for  every  element  u  in  JQ  ,      Thus 
n — >  00  ^ 

the  sequence  f   is  "v/cakl;^  convergent"  .   Prom  a  well-known 
theorem  ,  it  follows  that  there  exists  an  element  g  such  that 


lim  (f  ,u)  =  (g,u)  for  every  element  u  in  j7  .   Since 
n — >.co  ^ 

(v  ,Bu)  =  (f  ,u) ,  we  obtain  (w,Bu)  =  (g,u)  for  all  u  in  jQ 


n'  '  n- 


^  Sz.-Nagy  [  1  ],  pp.  9-10. 
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Thus  \-j   is  an  clement  of   >j'  »  and  the  re  f  ore  'T^     =  57  .   We 

have  now  shown  that  B  is  an  operator  i>fhose  domain  is  j)   and 

the  domain  of  3"  is  also  J(.      Therefore  B  on  ->c  is  bo-unded, 
and  the  lemma  is  proved. 

Vie   are  now  able  to  raake  clearer  the  connections  between 
regularity  of  the  o^oerator  A(e)  and  regularity  of  the 
inverse  (A(e)  +  y)        v;hcrc  y  is  some  suitable  constant. 


X 


ho  or  em  1.   Suppose  that  A(e)  on  CK  jf:)    is  rcp;ular 


in  a  neighborhood  of  o  =  0,   I^„  Y  i"  a  complex  mx::bcr' 
(independent  of  e)  for  which  A(0)  +y  has  a  bounded  inverse 
xrith  domain  Jc  ,    then  (A(£ )_  +  y) "   is  a  bounded  opera t or  with 
domain  JQ    regular  in  a  neighborhood  of  e  =   0. 

Proof.   Call  R(  0)  =  (A{0)  +y)~  .   Let  Tj(e)  be  a  botinded 

regular  operator  v;hich  naps  ^2     onto  (7t(e)  and  such  that 

A(e)lJ(e)u  is  a  regular  clorricnt  for  every  clement  u  in  j7 
independent  of  e .   It  follox-js  from  the  above  lemma  that 

V(e;)  =  (A(e)  +Y)U(e)  is  a  bounded  operator  on  Jp  ,  and  V(e) 

is  regular  in  a  neighborhood  of  e  =  0,   Sinco 

V(0)  =  (A(0)  +y)u(0),  we  find  R(  0)7(0)  =  IJ(  0)  .   If  u  is  an 

clement  in  )(    such  that  V(0)u  =  C,  then  TJ(0}u  =  0;  and 

consequently  u  =  0  because  'V(O)  maps  ,)'2    in  a  one-to-one  way 

onto  ^(0).   Thus  V(0)  has  an  inverse,  which  we  call  ij(  0)  . 

Suppose  that  f  is  any  clement  in  3?  ,   Then  H(0)f  is  in 

Ot(0),  and  there  is  an  olciiient  u  in  j2    such  that 


U(0)u  =  R(0)f.   Hence  V(0)u  =  (A(0)  +y)U(0)u  =  f -,    the  range 
of  V(C)  is  il   ,      Therefore  since  W( 0)  is  the  inverse  of  a 
ijoionded  operator  defined  on  j}   and  the  domain  of  "J(0;  is 


. ' ;       1    v.. 
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also  J7  >  it  follows"'  tlic.t  U(  0)  is  bounded.   Moreover,  since 
V(e;  Is  a  bounded  operator  regular  in  a  neighborhood  of  e  =  0 

and  V(0)~   =  VJ{  0)  is  a  bounded  operator  with  domain  Yl    ,    it 

easily  follows   that  V(e)  has  a  bounded  and  regular  inverse 
^.-■(e)  In  a  neighborhood  of  e  =  0.   Therefore  R(e)  =  Tj(e)V:{e) 

is  a  bounded  operator  with  domain  yl    regular  in  a  neighbor- 
hood of  e  =  0, and  R(e)  is  the  inverse  of  A(e)  + y?  which  is 
the  statement  that  was  to  be  proved. 

If  one  is  interested  in  the  spectral  resolution  of  the 

perturbed  operator  A(e)  on  ^  ( e ),  then  it  is  necessarjr  to  know 
that  the  operator  is  hypermaxlmal.   Suppose  it  is  lrnoi-;n  that 
the  unperturbed  operator  A(0)  on  OT(0)  is  hyperrca^ziiual.   Can 

one  conclude  that  A(e)  0:1  (TLi^)    is  also  hyperraaxiiiial ,  at  least 
in  some  real  neighborhood  of  e  =  0?   The  ans^^^er  is  yes,  and 
is  given  by 

Theorem  2.   Suppose  that  A( e )  on  CKi^)    is  Hermitian  for  real  e 
and  regular  in  a  neighborhood  of  z   =  0.   Suppose  that  A ( 0 )  on 

(Jl[0)    is  hypermaxlmal.   Tlien  A(£)  on  (7?  ( £  )  is  hyper  max  imal 
in  a  real  neighborhood  of  e  =  0 . 


If  f  is  any  element  in  5"?  >    then  there  is  an  eleraent  u  such 
that  V(C)u  =  f.   Thus  (^•/(0)f,g)  =  (u,g).   If  g  is  in  the  range 
of  the  adjoint  V'"'  of  V(0),  then  there  is  an  element-  ^  such 
that  g  =  V'"h;  and  we  have  (V;(0)f,g)  =  (u,v""h)  =  (Vu,h)  =  (f,h). 
Thus  the  domain  of  the  adjoint  of  ''7(0)  contains  the  range  of  v""\ 
This  range  is  dense  because  If  (h/Z'-'-w)  =  0  for  all  w  in  the 
range  of  V"""  then  (Vh,w)  -   0,  and  consequently  Vh  =  0  and  h  =  0. 
Therefore  the  dom.ain  of  '/( r  )  Is  dense.   VJe  can  now  apply  our 
lermia  with  A  =  W(0)  andi  U  =  1  to  conclude  that  7/(0)  is  bounded. 

2 

Of.  Rellich  [  3  ],  III,  page  558,  Hllfsatz  h,. 
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Proof.   nie  operator  A(  0)  + -y  on  ^(0)  has  a  bounded  inverse 

with  domain  j7  for  r  =   ±   and  y  =  -i.   According  to  Theorem  1 

the  operators  A(e)  +  i  and  A(e)  -i  on  GXie)   have  bovaided 

inverse  operators  each  nith  domain  5^  in  a  nei; -hborhood  of 
e  =  0.   This  proves  the  theorem. 

If  A(e)  on  .;7f  (s)  is  a  regular  Hermitlan  operator  and 
if  A(0)  on  0!  {0)    is  hy-pcrmaximal  then  the  isolated  point 
eigenvalues  of  finite  multiplicity  of  A( 0)  and  the  associated 
cigenclements  behave  (-.rhon  perturbed)  exactly  as  in  the  case 
when  A(e)  is  bounded.   V/c  state  and  prove 

The_o_r_em_J .   Suppose  that  A(e)  on  (K(e)    is  regular  in  _a 
ne^l^borhood__o£_e_^_0^  anji  fo^  real  e.   Suppose  that 

^J-Q)..Q^  0li.9U:lJLJ2Pi:::^^r^?-raal.      Suppose  that  \  is  an  cigen- 
valuo  of  finite  multiplicity  h  of  the  oporator  ^\_f_.y)_._  and 
suppose  there  arc  positive  numbers  d^  and  d2  such  that~tho 
spectrum  of  A(0)  in  the  open  interval  X  -  d,  <  p- ""^d 

£g;\s.i.gts  exactly  _o_f_the_Tylxit  eigenvalue  \.  ~Th7n  jh q^^^7_e2Ll^ 
poxjcr  series 

f^  power  series  in  Hilbcrt  space 

^IL.convergent    in  a   nci,-hborhood   of   e    =   0.    which.    sat_i^s_fV_th^ 
f.ojJ._owing   conditions : 

(1)    The   clement   ^--"^'(e)    is   an  eigonel£mcnt^  of  A(  e )    on 
Oti^')    belonging  to    the   eigenvalue    \^(e),    i.e. 


A(B)f  ^^:e)    =  X.(e).^(i)(e)    ,      i   =   l,...,h      . 

Fm-thermore   \.(0)    =  x,    x   =   l,...,h;    and   for   real   e    the    olgen- 
e_lemcnts   form  an   orthonormaJl_  set,    i.e.    for   r e a  1  T 


_     <* 


'\/    .< 
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(2)  For  each  pair  of  positive  numbers  d-!  ,  dp  '-rith 
d'  <  d,  and  dl   <   dp,    there  exists  a  positive  nuiuber  p  such 

that  the  spectruin  of  A(e:)  on  0X'\^-^    in  \^  -  d^  1  'r^  ^  ^^i  "*"  ^2 


for  real  e  x-jith   e   <  p  consists  exactly  of  the  points 

Kcnark .   Wc  admit  h  =  Cj  namely,  wc  admit  the  possibility 
that  the  spoctr\;mi  of  A(0)  is  empty  in  \  -  d.  <  [i  <  \  +  d^ .      In 
that  case  the  conclusion  of  the  theorem  is  that  the  spectrum 
of  A(e)  is  empty  in  \  -  c).^  <  [x  <  X  +  d|  for  r^al  e  in  Is  I  <  p. 

Proof.   3y  Theorem  2,  the  operator  A(e)  on  Jt  ( e )  is  hjrc.cr- 
maximal  in  a  real  neighborhood  cf  e  =  0.   Suppose  that  7  is  a 
real  number  with  X  -  d'  <  y  "^  ^ »   Then  A(0)  -  y  --^s-S  a  bounded 

inverse  with  domain  ^2  >  "^^^  therefore  (by  Theorem  1),  A(e)  -  y 
has  a  bounded  regular  inverse  R(e)  in  a  neighborhood  of  6=0, 
Hermit ian  for  real  e.   It  can  bo  shown  that  the  spectrum  of 

p(0)  is  omTDty  for  u  <  ----", ,  and  for  a  >  r-— "i consists 

only  of  the  isolated  "ooint  eigenvalue  11  =  :r ,  v;hich  is  of 

multiplicity  h.   Therefore  by  Theorem  1  of  §2,  the  spectrum 

for  u  >  j consists  exactly  of  the  h  cigcnvalii.es 

—  X  - dg  -  y 

7I-,  (  e  )  ,  . . .  ,71,  (  e  )  ,  vjhich  arc  regular  analytic  functions  of  e 

for  lei  <  0;  with  -F.f"')  =  r- " — ,  i  =  l,..,,h.   There  arc 
'       1      X  -  y 

corresponding  eigenclcnients  <t)^  ■'-^  (  e  )  ,  . .  .  ,(j)^^M,  e  )  which  are 

power  series  in  Hilbert  space  for  lei  <  p,  and  fop  real  e 

they  form  an  orthonorraal  sot.   The  spectrum  of  A(e)  in  the 

interval  X  -  d-!  <  li-  <  X  +  dp  consists  of  the  eigenvalues 

1  (  i'* 

X.(e^  =  Y  +  — ; — r-  with  the  corresponding  eigenclements  6   '  (  e )  , 

i*iich  are  in  <7t(  e )  .   The  X,.  (e)  are  regular  in  a  nclgliborhood 
of  e  =  0 ,  and  X . ( 0 )  =  X . 
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¥e  now  state  and  prove 
Criterion  2.   Suppose  tlifit  the  operator  A(£)  on  Qt    is 

Hermitian  in  a  real  neighb orhood  of  e  =  0  and  tha t  Ot.    is 
independent  of  e.   Suppose  tliat  A(e)u  is  a  regular  element 

for  each  u  in  6^  .   Suppose  that  A(0)  on  OZ     is  hypermaximal . 

Then  A(e)  on  Qj    is  regular  in  a  real  neighborhood  of  e  =  0. 

Proof.   The  operator  A(0)  +i  maps  Ol    onto  the  whole  Hilbort 

space  j7  »  ^3^d  R  =  (A(0)  +1)"   is  a  bounded  operator  mapping 

Yl    onto  Ul    .   In  Definition  1  of  regularity  (see  page  9^) 
•.;c  can  take  U(e)  =  R.   Then  A(e)U(e)f  =  A(e)Rf  is  obviously 

a  regular  element  for  each  f  in  j^  ,    independent  of  e . 
Therefore  Criterion  2  is  established. 

To  understand  this  criterion  better,  let  us  examine  the 
moaning  of  the  condition  that  "A(e)u  is  a  regular  element  for 

!l 

each  u  in  ^  .   This  means  that  for  each  u  in  QX  ,    there 
exist  elements  v  , v-,  ,Vo,  , . ,  such  that 

2 

A(e  )u  =  v^  +  ev-i  +  e  v^  +  . . , 

is  a  convergent  power  series  in  Jc  in  some  neighborhood  of 
e  =  C.   The  elements  v  ,v^,Vp,...  depend  on  u,  and  it  follows 
from  the  uniqueness  theorem  about  power  series  that  there  are 

Hermitian  operators  A^,A-|  jAg,  .  .  • ,  defined  on  Oi    such  that 

2 

A(  e  )u  =  A„u+  eA,u  +  e  ApU  +  , . .   , 

for  each  u  in  01,    is  a  cofiv^rgcnt  power  scries  in  ';orio  neighbor- 
^.\ood.   of  e  =  0.   Plainly  Af")  =  A  .   In  perturbation  t^icory 
wo  frequently  consider  the  case  in  vrhich  Ap  =  A^  =  •  •  •  = 
and  A(e)u  =  A^u  +  eA-j^u,   Then  the  condition  that  ii(e)u  be 
'regular  element  is  triviallj^  fulfilled. 


0, 
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The  major  condition  in  Criterion  2  is  that  the  operators 

A-,,Ap5...  must  be  defined  on  the  domain  Ol     on  which  ^j.^  =  a(0) 
is  hypermaximal.   Consider  for  example  SchrBdlngor * s  operator 
H(e)  =  H^+eH^, 

o     ^  x;c   yy   zz'   r     ' 
H-j_u  =  s(x,y,z)u    , 

where  s  is  a  given  continuous  real-valued  function.   The 

Hilbert  space  J'2  is  the  space  of  complex-valued  functions 
f(x,y,z)  defined  on  the  whole  x,y,z-space  for  which 

oo      .  . 


5?:  ['i^C   lf(::,y,z)l^dr.  <  oo 


-oo 

with  the  usual  inner  prodi^ct 

CO 

(g,f)  =  jrji  fdr 

~-00 

The  domain  ^_j   of  H(e)  is  the  subspace  of  y^  consisting  of 
fmictions  u(x,y,z)  such  that 

...^     (1)  u  has  continuous  second  partial  derivatives, 

-L)  •      ^  2    2    2 

<      (2)  u  =  0  for  X  +y  +z   sufficiently  large. 


The  operators  H  and  H-,  arc  each  Hermit ian  on  y_j  ,  and  the 
ujipcrt'urbed  operator  H  =  11(0)  is  ex'en  essentially  self-adjoint 

on  J_J  ,   All  the  conditions  of  Criterion  2  are  satisfied 

c::ccpt  that  rl(0)  on  ^J  is  not  hypermaximal.   To  try  to  apply 
Criterion  2,    we  can  extend  the  essentially  self -ad joint 

operator  H   on  i}  to  a  hypermaximal  operator  K   on  (XI    ^  ^_) 

The  question  then  arises  as  to  whether  H-,  on  ^3  °""-^'-^  ^^ 
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extended  to  a  HerinitiP.n  operator  H-]_  on  <^  .   In  case  H-j^  on  ^J 
is  a  boijinded  (Herraitian)  operator  then  It  has  a  Hcrm3.tian 

extension  to  the  vjhole  PlillDort  space  17  ,  and  a  fortiori 

to  CK  .   This  is  the  situation  if  the  given  fumction  E(x,y,z) 
is  bounded  on  the  vihole  -:,y,z-spacc.   In  this  important  case 
Criterion  2  can  be  aiopliod}  and  Theorem  3  shows  that  the 
point  eigenvalues  of  the  pertTorbod  operator— the  point  eigen- 
values of  H(e)  arc  all  isolated  and  of  finite  mu.ltiplicity— 
arc  power  series  in  e  for  small  lei,  and  the  same  is  true  for 
the  oigenfunctlons . 

In  thtj  Stark  effect  we  have  s(x,y,z)  =  x.   In  this  case 

H-,  is  defined  on  /)  .   H-,  on  j-J  has  no  Hermitian  extension 

with  domain  Ol  ,   however.   This  can  be  proved  indirectly  using 
Theorem  3.   If  there  were  sv.c'a   an  extension  of  H-.  ,  then  there 
would  exist  point  eigenvalues  of  the  hypermaxiraal  operator 

H(s)  on  Ol  ,      But  H(e)  has  no  point  eigenvalues  (see 
Introduction,  pp.  12-13),   Therefore  H-,  has  no  liermltian 

extension  vjith  domain  0[.  . 

§6.   Examples  and  more  criteria. 
In  the  Hilbert  space 

1  .  1         . 

J7:   r  lf(x)  |-dx  <  00   ,    (g,f)  =  f  g  f  f^bc 
^0  "b 


consider  the  two  Hermitian  operators 

A(e)u  =  -u"  on  C^(e):  (1)  u,  u' ,  u''  contin-aous  in  0  <  x  <  1 

(2)  u(0)  =  0,  eu'(l)+u(l}  =  0, 
and 

3(e)u  =  -u"  on  "T3(s):  (1)  u,  u' ,  u"  continuous  in  C  <  x  <  1. 

(2)  u(0)  =  0,  u'(l)  +eu(l)  =  0  . 
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'■Je   ask  x\rh.ethor   or  not   -bhcsc    operators   are   rop;\ilar  near    e.    =  0 . 
IJow,    for    continuous   fuiictions   f   in   0  <  x  <   1,    it   is   easy   to 
verify   that 

1  1 

A"'-^(e)f  =     rG(x,y;e)r(y)dy   ,      3"'^(e)f  =     rK(x,y,e  )f  (y  )dy   , 

0  0 

v/hcrc 

1  1  I  I        '' 

G(x,y;e)    =  2'^^^  + j)  -  ^^-'^  -  "J  '  -  j^  ^7        > 

K(x,y;s)    =  ^^r.  +  j)  - -^h  -  J  \  -  ^  y^J 

Let  U3  denote  by  CL  ^^^'^^    subspaco  of  all  functions  f(x) 

continuous  in  0  <  x  <  1,   VJc  note  that  A(e)  01  {^)    =    L2^   and 

B(e)  J^(e)  =  C~.  ,  and  the  Inverses  R{p)  =  A~'^{e)    and 

S(e)  =  3~  ( e )  are  bounded  operators  on  Ci^  .   Consequently 

A(e)  on  Ot{z)    and  3(e)  on  "^(e)  are  essentially  solf-adjoint , 
(At  this  point  wo  have  used  the  result  that  a  Horinitian 

operator  A  on  OZ    is  essentially  self-adjoint  if  there  exists 

a  real  number  c  such  that  the  operator  A-c  on  Ot    has  a 
bounded  inverse  v/lth  dense  domain.   We  leave  the  ;"'roof  of 
this  fact  as  an  excrcinc  for  the  reader.)   Obvioiisly  the 

operators  R(e)  and  S((;)  can  bo  extended  to  5?  >    ^^^-  'i^l-cso 


extension  are  regular.   Lot  us  call  A{t)    on  Ot{^)    ^'i^^'-   B(e) 

on  ^(e)  the  corresponding  extensions  of  i->.(s)  and  3(e), 
Accorc^ing  to  Definition  1,  both  operators  A(e)  and  3(  r:  )  are 
regular.   ^Je  would  like  to  say  that  A(e)  and  B(r:)  are 
themselves  regular. 

To  handle  these  oxainplcs,  it  is  convenient  to  extend 
slightly  the  concept  of  regular  Herniitian  operators,  Yo   give 
another 


C', 
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Def  inltl  on  2 .   Suppose  t'n.pAi_  ^(e)  on  0Z{&)    is  a  family  of 
essentially  so  If -ad  joint;  operators  in  a  (real)  neighborhood 
of  £  =  C.   It  is  said  to  bo  regular  if  the  hyporinaxiraal 


extension  i^{e)    on  OZ (s)  is  ret^ular  in  the  sense  of  Definition  1. 

To  avoid  some  of  the  difficulty  which  occurred  in 
applying  Criterion  2,  we  shall  establish 

Criterion  3»   Suppose  that  A(e)  on  OX{e)    is  a  family  of 
Hcrraitian  operators  in  a  real  neighborhood  of  e  =  0,  with 

dopx.in  Ct     independent  of  e .   Suppose  that  A  =  A'O)  on  (j^ 

is  essentially  self-ad joint ,  and  there  exist  Hermitian 

operators  A..  ,ix^,  .  . .    on  Ql    such  that  for  each  clement  u  in  Qti 


2 
A(  e  )u  =  A  u  +  eAtU  +  e   A^u  +  . . . 
^  o  1  d. 


and 


-y--    -  ^  ^ o '    ^  J-,-,..., 


uil  <  p        (ailu  ll  +  bli  A    ull  )    , 

where   p,    a,    b  are    three   non-negative   nurr.bers.      Then  iy|_e )    on    (K 
is   essentially   self-adjoint  and  regular    (in   the   sense    of 
Definition  2)    in  a  real  neighborhood   of   e   =   0. 

■Rci^viai'dc .      The    inequalities   in  this    criterion  can  bo   replaced  by 

(A^UjA^u)    <   p^""^;a(u,u)  +bi  (u,A^u)  !  )  ,    v   =   1,2,...    . 

''hose  require  more;  they  implj'"  the  former  inequalities,  \iltn. 
perhaps  different  constants. 

Proof,   Let  A„  on  O^i    be  the  hvpermaximal  extension  of  A 
o  "-  o 

on  t'JT  .   Then  vre  can  construct  trivial  extensions  Z.      on  CX     of 


A   on  OX  .   Since  A^  on  OX    is  essentially  solf-adjoint ,  for 
each  element  u  ir 
in  OX   such  that 


each  element  xi   In    Ot     there  exists  a  sequence  u  of  elements 

^       n 
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!! 


lin     llu     -ui!  =    0      and  lira     ii A^u^  -  A^^u^ii  =   C      . 

n — >oo      ^'  n,m— s^co 

Uslnp;  the  inequalities 

'.To  can  conclude  that   'lim  Ha  u  -A  u  II  =  0;  and  hence  there 

n,r;i — >  00 


exists  an  clement  f  in  j7     such  that   lim  A,,u.^  -  f .   If  v 
is  another  sequence  in  (n     such  that 


V   n  ~        n 

n — >  CO 


lim     !iv     -uii  =   0        and  lim        llA  v^  -  A  v    !!  ==   0        , 

n  o  n        o  :.i 

n — >■  CO  n ,  m— *■  co 


J-T 


cncn,    because 


iJA    (u    -V    )  1!  <  p^'~    fallu     -V    !!  +  b!L^(u^  -\'    )  !1   ; 
V     nn—  nn  o'nn 

it  follows  that   lim  A  v   =  f .   Therefore  it  makes  sense  to 

V  n 
n — >oo  _      _ 

define  A  u  =  f .   Thus  we  have  defined  an  extension  A,,  on  CK 
of  A  on    01  ,      The  extension  is  trivial  bocauso  to  each  u  in 

V 

(K     there   exists    a    sequence    u      in     <?T     such  that 

lim     iJu    -ui!  =   0  and     lin     llA^u^  -    A^iiii  =   0. 
n-->oo  n — >oo       _ 

These   extensions  A     on    ^    again   satisfy  the    inequalitie: 

ilA^ull  <  p--^(aiiulUbllA^u!!) 


P— 


for  all  u  in  ^  .   Hence  A.(e)u  =  A  u+eA-,u+e  ApU  +  . . .  is  a 
regular  clement  in  a  ncighbox^hood  of  e  =  0.   It  then  follows 
from  Criterion  2  that  A(e)  on  ^^     is  regular  near  s  -   0;    and 

hence  by  Definition  2,  A(s.)  on  ^    is  regular.   Iliis  completes 
the  proof  of  the  criterion.   The  proof  of  the  remark  is 
trivial. 
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Suppose  the  hypotheses  cf  Critarion  3  ^r^e  satisfied, 
and  suppose  that  A(  O)  Uc.s  an  Isolated  point  eigenvalue  of 
finite  multiplicity.   Then  by  Criterion  3  and  Theorem  3 
(§5,  pagG  105)  the  portiixbed  operator  A(e)  possesses  a  point 
eigenvalue  and  a  coprcj--:.:.onding  oigenGlcment 


X(e 


)=X  +  eX^+...   ,    r|)(e)  =  <t)^-°^  +&({)^-^^  +  ... 


I  (  o  ^ 
x;hich  are  convergent  poircr  scries  in  e.   Even  if  f   '  should 

,( -^^ 
he  an  element  of  the  doi-iain  &t      (and  it  may  happen  txiat  <p  •  ' 

lies  not  in  Ot   but  In  0X  ,    the  domain  whore  A(0)  is  hyper- 
maxli-al),  the  higher  order  approximations  cj)(l ),  |' '.-'',.. .  may 

be  in  OX  ,    not  In  Ot   .   Prom  the  relation 
(A^+  eA^+  ...)(9^^^  +  ei'^-^-  +  ...) 

we  obtain  the  equations 


l/^^^-xf-  =x,^(  =  !-I,^(°)   , 


in  particular,  we  obtain  from  the  second  equation  the  result 
that 

As  we  stated  previously  this  result  majr  be  expressed  as  a 

rule:   Tlio  first  order  approximation  to  the  cif-^envalue  is  the 

mean  value  of  the  "first  order"  term  A-,  of  the  pcrtrxbcd 

operator  taken  for  the  sore- approximation  to  the  ci^venclomcnt , 

As  an  example  ivc  consider  the  Hamiltonian  of  the  holi^Jlm 

atom  H  +  eH,  :  here  H  and  li,  are  the  operators 
o    1'       o      1  ^ 


•  •    •    •      ' 


jVj 


I    r 
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?<^.:-  *^-,y/"j-,y.=  -  ^"^-^^     - 


1-' 1   ^Z-'Z        '*3'^3 


Kl^  =  ^ — ^ 


v7hcrG 

1  1 

,    2    2    2^2"         ,  2  ,  2  .  2,Z 


1 

2         2         2  2 


the  operators  arc  defined  on  the  subspace 

X}  •  (1)   i^("'^-|  j^-p>-^'n  jj''-,  >;^p  jy- )  has  continuciis  second 
partial  derivatives, 

2   2 
(2)   u  =  0  for  :-;ufriciently  large  r  +r  , 

in   tho  Hilbort    space 

i?  :      ]!f(x^,X2,x^,y-j_,2r2,y^)  !^dr£^<oo,  (g,f)    =J    g  f  d  r^     . 

(VJc   intend   the    integration  to  be    extended  over   the  ■•:'iole    space, 
and  we  mean  by  dr.    the   elcriont   of  volijrie.) 

o 

It   is   clear   that  II     and  H^    on    j^  are  Kerraitian   operators 

Iiorcovcr    it    can  bo   -Droved   that  H      on    j  J  is    ossciitially   self- 
adjoint    (see  Rellich    [  3  j,    Fart   2,    page   39).      The    s";'ectrurri  of 

^''a   '^^^   i-^    ''■^'^  rather   that    of   its  hypormaxinal  extension)   has 
been  dctormined,    and   it    is   laiown  that   its   lovrer  part    is 
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discrete.   The  physically  Inportant  problem  is  to  determine 
the  point  eigenvalues  of  11^  +  eH-,  for  e  =  1,  and  especially  to 
locate  the  lower  eigenvalues.   The  lov;est  eigenvalue  of  the 
problem  for 


-  ^^x^  - 1:^  =  \^ 


X 


12 
in  the  x-,  ,Xo,x„-space  is  \     -  --^Z      and  the  correspono.ing 

X   c   _5  X      c-  ^ 

normalized  eigenfunction  is  t{)^°^  =  --f-  Z~  e   '^  (Introduction, 

t: 
see  page  12),   Therefore  we  expect  that  the  lov^est  eigenvalue 

of  n   is  A  =  -Z  with  the  corresponding  eigenfunction 

,     .         -,   ^  -Z(r  +  x^  )• 
(iJ^°^  =  —  Z''e    ^        '^  .   The  lov;est  eigenvalue  of  the 

uJipertiJirbed  operator  is  isolated  and  of  finite  multiplicity 
(in  fact  simple).   VJlien  we  prove  that  H  +  eH-,  is  rerjular  near 
e  =  0,  then  application  of  the  perturbation  calculus  Xv-ill  be 
lustified.   Wo  would  then  know  that 


\(e)  =  7v  +  eX^  +  . . . 


2 

wher'e  X  =  -Z   and 


,   _/  1,(0  1    AV^M  -  £i—  -^   p     -^    ^'     dtl      =^'7 


1  .■: 


?\.(s)  =  -Z  +-^  Ze  +  . .  . 


Observe  that  this  is  fa-x^  frora  what  we  want  to  know.   '.Jo  are 
interested  in  e  =  Ij  we  would  need  to  investigate  vniebhor  or 
not  the  power  series  \(s;  converges  for  e  =  1,  and  of  course 

wo  want  to  know  how  good  the  approximation  -Z  +^Zs  is. 

•     ^' 

Wo  shall  now  prove  that  H  +  eH-,  on  J  }  is  rogiilar  for 
sr,ia.ll  e.   According  to  Criterion  3*  it  suffices  to  prove  that 
for  some  numbers  a  and  b,  the  inequality 
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(H-,u,H^u)  <  a{u,u)  +bi(u,H^u)! 

holds  for  every  element  n   in  -/J)  . 

Every  function  f(x,y,z)  i\rith  continuous  first  derivatives 

in  the  whole  x,y,z-space,  and  vanishing  identically  for  large 

2     2    2    2 

r   =  X  +y  +z   satisfies  the  inequality 


;i4!..   .j^i.j^.i,^!^ 


7  z 


l^)d^. 


(see  Courant-Hilbert  I,  page  Li.:i.6)  .   Consequently  we  obtain  for 


u 


u(x^,X2,x  ,y^,y2,y^)  in  ^  the  inequalities 


\^     -p 


X 


1 


If  we  put  X  =  71-^"]*  y  ==  72*^^2 '  ^  ^  "^■^3*  ^^''^  ^  ""  ^12 
and  u(x^,x2,x  ,y-|_,y2,y^)  =  u(xT_,X2,x^,x^+x,X2+y,x^+z)  =f(x,y,z), 
and  apply  the  inequality,  vre  find 


f 


lu(x,  ,x^,x  ,x-,+x,Xp+y,x  +z)  i 

±->  ^-^   ^ ^- -^ dxdydz 

x~  +  y  +  z 

<  ii      (hi      I     +    u      I     +  lu      i     jdjcc.ydz 


J-  .'l 


or 


lu 


(x^jX^jX    ,y^, 3/2573)  i" 


12 


r,  2 

—  d:r^dy2dy^   <  4  j   igrad.^u  hdy^dy2dy^-^ 


Finally  ^^^e    obtain 


u! 


2 


^'U-d^.  <  : 


<   4  I  Igrad^^uJ    d  Y/ 


12 


Ill 


Cf  course  we  can  derive  in  exactly  the  same  way  the  inequality 

2 

dr.  <  k  I  Irrad  ul'^d'T. 


^12 


lience   we    can  write 
2 


f 


lu 


13-dr^  < 

*12 


2  r   rigrad^^ui^d-<^+   Mgr'adyul^d^^^j 


How  we  have 


(u,H   u)    =  i  I   Igrad  u!     +  igrad  ui     )dV. 
o  ■^  J  X  y  3 


J- 


'     r^  o        J     r.^  o 

X  y 


and  hence 


/^ 


(  igrad^ul^  +  igrad  ui^)d2;^    <  2(u,H^u)  +  ^Z  (  J  iul^dlT^  j"^ 


/"riui 


u 


,2 


2  \2 


Z-^^6       ^ 


(fH-c^^-6 


<   2(u,H^)  +iiZ         lui'-d 


1 


|igrad^^ui-dr^)2 


+ 


(    I  igr 


ad_ul    dt/ 


1-1 

;2 


Let  us  use    the    a b'jr evictions 


a   =   2zf  J  lul^dr^  p      ,      p  =  (  I  igrad^ul^dr, 


^) 


Y  =[  \  l6rad^^u|2d?i,_V        , 


'6 
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then  we   have 


P^  +  Y^   <   2(u,H^u)  +2a(p  +  Y) 


^      1     P  2      12 

Since   2ab  <   Za'^  +-^6       and  2cy  <  2a     h-^-Y    '    ^'^   obtain 


p2  ^^2  ^  !,^^,^H^-^)  +3^^^         . 


and  hence 


J  i-rad,^u!^dT^+  J  \gv8.d^n\^d.t^    <  32Z^  J  iu!^d^^+  .'[.(UyK^u) 
Therefore  we  flnall:/  find 

(H^u,H-j_u)  <  6[lZ'^(u,u)  +  3i(u,HQu)  i    , 

which  proves  that  ?I  +  eli-,  on  fj   Is  regular  near  s  =  0. 

We  consider  another  exaraple .   VJe  shall  investi^rato  the 
dependence  of  the  eigenvali-ies  of   Z\u  +  \u  =   0  on  the  region. 

Suppose  that  D  and  D"  are  two  closed  boijinded  domains  in 
n-dj.mcnsional  Euclidean  space,  and  suppose  that 


X 


"   =   X.  +  eS.  (x-,  ,  .  .  .  ,x  )   ,     1  =  l,...,n 
X     1     1^  1'    '  n    '  '         ' 

is. a  one-to-one  mapping  of  the  fixed  domain  D  onto  the  domain 
D'"",  which  depends  on  e .   ',.'e  assume  that  the  boundaries  of  D 
and  D"  and  the  functions  S.  are  snooth  enough  to  pen  "it  the 
following  calculations: 

¥e  consider  the  eigenvalue  equation 


-■<-  -"- 


A"u"  +/\"u"  =  0   in  d" 

V7ith  u  =  0  at  the  boundary,-,  of  D  .   VJe  shall  investigate  how 
the  eigenvalues  depend  en  e.   For  each  function  u"(x-,',  . .  .  .x" } 
defined  in  D",  we  define 

■^  See  P.  R.  Garabedian'and  M.  Schiffer,  Convexity  of  domain 
functionals^  Chapter  V,  Journal  d' analyse  mathcmatlque,  vol.  2 
( 1952-53 )>  PP •  233-363.   In  part  we  use  the  notation  of  this 
paper. 
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If  Hc   denote   by  ^,  y»,  of    -lif>  matrices 

-©■  -o);  .^ft).  ^.-x.  ■ 


•  •  •  • Xi 


then  wo  have 

Cn=l      >      ^^l+eJ- 

In  addition  we    introduce    tlic  raatrix 


/  n    ax.  ax,  \ 

V  j=l    ^^T    ^^^-  J 


N-l....^^-l 


wc   note    that 

The  determinant 

0=  dot  (?) 

is  equal  to 

0=  det  (l  +  eor)  -  i  +  eJ^^Z^j 

and  0  7^  0  in  D. 

In  the  following  it  is  essential  that  the  functions  S., 

and  0  be  the  pov/cr  series  in  e,  although  the  fuaictions 

X.  =  X.  fx" ,  . , ,  ,x"  se  )  migliit  not  be  regular  anal'^^tlc  functions 
1    11'    'n 

Ol"  £, 

Now  we  have 


n  c)S, 

'  +  .. . 


r 


11)4. 


n              ,  .,    ..          ..                '       n     /       -/.  -2 
(     u    (  -/\  u    )  d  C^  2 I   — ^jj     a  '- 

D  D'     ^  J 


n  ,,     3X 


<      .^ 


The   equation  -  A' u      =  \  u      is    transformed   into 

-  EI     ^  f^iPki  #1     =  ^'''Gu      in  D    , 

and  the  boundary  condition  u  =  0  at  the  boundary  of  D  becomes 
u  =  0  at  the  boundary  of  D.   In  the  Hilbert  space 

i?:    j  Ifl^dr  <  CO   ,     (g,f)  -  I  gfdu 
b  D 

we  consider  the  subspace 

{j\   :   (1)  u  has  continuous  second  derivatives  in  D, 
(2)  u  =  C  at  the  boundary  of  D; 

and  we  define  the  operators  M  and  N  on  (R    as 


rm 


Thus    our   eigenvalue   problem  ass\iraes    the    form 

Mu  =  \"Nu        5        with  u   in    01 


(T. 


o. 


■_;    / 
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To  reduce  this  to  the  usiial  form  Au  =  \'"n,   we  may 
proceed  in  several  waj'-s .   VJe  can  introduce  a  nevj  inner  product 
(g,f)   =  (g,Nf)  defined  for  elements  g  and  f   in    (y{  .      If  IT  is 
a  positive  definite  operator  ((u,Nu)  -  0  for  all  u  7^  0  in  (JX  )  , 
then  the  inner  nroduot  (,?r,f)„  can  be  used  to  define  in  a 

^J  -1 

natural  ^^ray  a  new  Ililbert  space  -O^t-   Moreover,  if  I-i   Is  a 

bounded  operator,  then  Au  =  \'"'u  with  A  =  N  M,  ^^fhich  is 

Hermltian  on  6(  with  respect  to  the  new  inner  product.   A 
second  possibility  occurs  when  M  on  fJl    is  positive  definite 
and  has  a  bounded  inverse.   Then  we  can  use  the  inner  product 
(g,f)-.  =  (g,Mf)  to  define  in  a  natural  way  a  new  Hllbert 

(\  -1  -r 

space  J }  in'      Tlie  operator  A  =  M  N  is   Hermitian  on  (ij     with 
respect  to  the  new  inner  product,  and  the  eigenvalue  eouation 

becomes  Au  =  Xu,  with  \   -    {\")~    .   In  our  case  both  procedures 
are  possible,  but  the  both  have  a  certain  difficulty.   We  have 


S%''       jlul^Cdr  <  00   ,   (u,v)j,,  =  j  gf(3.  dt   , 


D 

r)  u  5  u  ^ 


d 


(L. 


In  both  cases  the  inner  product  de'oends  on   the  perturbation 

parameter  e.   The  same  is  generally  true  for  problems  like 

M( e )u  =  \N( e )u. 

To  avoid  this  difficulty,  we  proceed  by  an  alternate 

method.   If  N  on  01    is  a  bounded  positive  definite  operator 

whose  inverse  is  bounded,  then  it  seens  possible  to  define 

1       1 

Hermitian  operators  N  "  and  K   on  Ol   ;  and  we  may  even  expect 


that  ¥.    t>^    =  (Jl    ,    i.e.  to  each  elem.ent  u  in  O'i  ,    there  is 


one 
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1 

and  only  one  element  ^   in  OJ    such  that  Ij  u  =  (j) .   Then  vje 

1   1 

have  Aq)  =  \  9  with  A  =  N  IIN  ,  which  is  Hermit ian  under  the 

original  e-independent  inner  product  (u,v). 

In  our  case  we  find 


A<l>  ^  -IZ  T|-fPki  Sr)^  ^^ 


where 


i7k=l  ^^i  V  ^^    ^^^i    J 

and  the  eigenvalue  eauation  assumes  the  form 

i7k=l  ^^k  V  ^^  ^•^^i  / 

where  (j)  is  an  element  of  the  subspace   6T  defined  above 

(page  1114-).   Thus  the  operator  A  =  A(e)  on  Ut    depends  on  e, 

whereas  CK    is  independent  of  e.   The  unpertiorbed  operator 

A(0)  on  f^    is  essentially  self-adjoint,  and  its  spectrum 
consists  entirely  of  isolated  point  eigenvalues  of  finite 
multiplicity.  Therefore  to  each  unperturbed  eigenvalue  \  of 
multiplicity  h  there  exist  h  perturbed  eigenvalues 

2 
\':   =   \  +   ^\-,A    +  e  \2^  +  . .  .   ,  i  =  1,  .  .  .  ,h   , 

and  corresponding  eigenfunctions 

(|):  =  (|)S°^  +e(j)S-'-^  +  F.^(|)l^^  +  ...   ,       i  =  l,...,h   , 

provided  A(e)  on  01  is  regular  (in  the  sense  of  Definition  2), 
The  regularity  can  be  proved  by  demonstrating  that  the  inverse 


For  the  case  of  a  simple  eigenvalue  of  the  unperturbed 
operator,  a  proof  is  given  by  C-arabedian  and  .^chif fer ,  ibid. 


.■■.'. 
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operator  (A(e))"   Is  an  Integral  operator  whose  kernel,  Green's 
function,  Is  a  power  series  in  e,  giving  rise  to  a  bounded 
regular  operator.   If  one  wishes  to  avoid  theorems  concerning 
Green's  function,  one  can  try  to  apply  Criterion  3  (loage  105 
which  involves  estimating   IIa  ill.   In  our  case  it  is  easier 
to  estimate  l(cj),A  (jO  I  ,  and  we  shall  establish  the  inequalities 

l(u,A^u) I  <  P^"  (a(u,u)  +bl(u,A^u) I),   v=l,2,..., 

for  some  non-negative  constants  p,  a,  b.   Later  on  we  shall 
obtain  a  criterion  for  regularity  in  which  these  are  the  key 
inequalities,  but  now  we  merely  prove  them  for  the  problem  at 
hand. 

Plainly  we  have 

00 

p.,,  =  5.,  +  >_  e^P^i.  „  >      i»k  =  l,...,n   , 


5.,  =  5.1  +  >   e  (3,1 
ik    ik   -^^   ^ik,v 


ana 


with 


v-l 


'^ik  v'  -  P^   *    'o-v'  -  f^^   '    ^  "  1,2,..., 

for  some  positive  number  p  and  for  all  x-|,...,x   in  D. 
Furthermore ,  we  have 

__oo 
A(e)(|)  =  Ac|)  +  2_^   ^-  A^^|> 
v=l 

where 

For  ^   In     01    we  find 
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and  hence 


('I'fA,*)    <  p' 


D 


n 

IZ 

1=1 


ax. 


I ,  I? 


+  icfih    dz 


for  some  positive  number  p.   Therefore  we  have  proved  that 


i^>\'\>)  ^v^'-^iPi^A)  +v\{hMo)^)\) ,    V  =  1,..., 


which  can  be  used  to  establish  the  rep-ularity  of  A(e). 
We  recall  that 


and  note  that 


then 


so  that 


ik,l 


n  3S 


e'-^-nm) 


+  . .  . 


a©''  _  .  1  T-^-  ^  "^1 


S'^-^ 


=   e  ^ 


pT.  ^^r^^- 


+  . . . 


qi  =  ^A(T^l^j 


Therefore  we  have 

A{e  )(!>  =  -/\(t)  +  e 


L  l,k=l  '^^k  VW^k 


If  X  is  an  unpertu.rbed  eigenvalue  of  multiplicity  h,  then  there 
exist  h  perturbed  eigenvalues 


\"'   =  X  +  e\-,  +  e  X2  "•■  •  •  • 


"•■■>/ ' 


,  .  .  .  ,  1     -     V 


.  .  -  + 


v  '.   A 


■7 
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and    correspondlnf?   oiffenfunctions 


f   =   ^>^  +  £(t)(l^    +e^'^^2)  ^  ^^^         ^ 


Then 


^   1  ,k=l  '^  "^    k  1  '     ^    1 


c3  5^         3\\  ^<t^(°)   d^^^^' 


D  -^ 


n     ^S. 

J-  I  dr 


After  some  transformations  we  obtain 

(o) 


r 


A  4 


a  V 


Vv^ 


ax, 


V 


where  ^  means  differentiation  in  the  direction  of  the  outward 

^  n 

normal,  and  the  inte/rral  is  extended  over  the  boundary  I   of 

the  domain  D.   Thus  the  first  approximation  to  the  perturbed 
eigenvalue  can  be  expressed  in  terms  depending  only  on  the 
values  of  the  unperturbed  elgenfunction  on  the  boundary  of  D. 

It  should  also  be  mentioned  that  the  exact  perturbed 
eigenvalue  can  be  expressed  as 


\"(0  = 


IT 


•j  V  ' 


d   ,     -.2 

•— ,r(xr   +  .. 


•^^n  ^ 


'•-2-^  '-^ 
d  i  1 


where  u'  is  a  solution  of  the  differential  equation 
-  A  u  =  \  u  in  D  ,  and  u  vanishes  on  I   ,  and 

f  lu'M^dt  =  1. 

D'"' 


P.  Rellich,  Darstellung  du  'Figenwerte  von  Au  +  \u  =  0  durch 
ein  Randintegral,  Math.  Zeitschrift,  vol.  Ij.6  (19[j.O),  page  635- 
Similar  formulas  for  A  A^  -  \u  =  0  are  given  in  Rellich  [  8  ]  . 
page  131. 
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We  conclude  this  section  with  the  following  example. 
Consider  the  Hllbert  cpace 

00  CO 

^:      fj'pf(x,y,z)|2dT<  CO,   (  g,f  )  =  (''([  g  f  d  C   , 

'-co  -co 


and  the  subspace 

Q^ '.       (1)  u  has  continuous  second  derivatives  in  the 
whole  x,y,z- space, 

2    2^2 
(2)  u  5.  0  for  sufficiently  large  r   =  x  +  y^"  +  z 

Suppose  that  s(x,y,z)  is  real-valued,  continuous,  and  bounded 
in  the  whole  x,y,z-space  with  ls{x,y,z)l  <_  T   .   Consider  the 
operator 

A(  fJ  =  A^  +  zA-. 
^  o  1 

on     6Y  with  A^u  =  -  Au  and  A^u  =  ^(^>y»^)  ^  .   -./e  note  that 
CO  CO  ^  eg 

"-  00  -  CO  -  00 

and  hence 

(A^u,A^u)  <  k^     \{i},A^Vi)  I 

for  u  in  ^  .   Therefore  it  folloxvs  from  Criterion  3  that  the 

operator  A(e)  on  (77  is  regular. 

A     s  ^  >' ,  V  ,  z  ) 
Suppo?e  we  consider  the  operator  -  /_\  +  e  —^—-^-^ — '-,      Can 

v'~ 
this  operator  be  regular?   Certainly  not  on  6'T  ,  because  the 

operator  is  not  even  defined  on  {fl   .   However  we  could 

consider  the  operator  on  '- '  the  subspace  of  Ol     consisting 

of  all  elements  in  O'X   which  vanish  in  a  neighborhood  of  r  =  0. 

Then  B-,u  =  —^^^^^ — -  w   on  >_  ;  is  Hermitian.   We  ask  whether 
r 
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B(e)u  =  -  Au  +eBrj_u 

is  regular  on  ,i_ J  ?  To  apply  Criterion  3  we  would  have  to 
prove  that  for  every  u  In  O , 

IIb^uIU  GllulUbll  Aull 

for  some  constants  a  and  b.  As  a  matter  of  fact  In  the  next 
section  we  shall  prove  such  an.  inequality  with  a  =  0  and 
determine  the  best  constant  c  =  b~   for  which 


00   .   .  o  00 

c 

-  OO    '  -  00 


/J/-7l-«^/rf'A"''- 


for  u  in  /  J  .  Nonetheless  Criterion  3  does  not  apply  because 
B(0)  =  -A   is  not  essentially  self-adjoint  in  /-J, 

§7.   me  inequality  cj  r"^lul  ^d  tT  <  /  I  Aul^d^  . 

_  ,~^^ 

Vie  shall  establish  this  inequality  in  the  domain  ^-J  of 
all  complex-valued  functions  u  =  u(x-,,...,x  )  which  have 
continuous  derivatives  of  all  orders  and  which  vanish 

identically  outside  a  <  r  <  b,  where  a  and  b  are  some  positive 

1 

2        2  2" 
numbers  and  r  =  (x^ +  ...  + x^)  .   Ihe  numbers  a  and  b  can  vary 

with  the  function  u.   The  problem  is  to  find  the  best  constant 

c  for  which  the  inequality  holds  for  all  u  in  /  ) . 

This  problem  is  connected  with  several  kinds  of  questions 
concerning  Hermitian  operators.  We  define  the  Hilbert  space 

)p:   J"  r"^Hf(x^,...,x^)l^dt<  CO,    (g,f)  =  f    r'^ifdr 
0<r<co  0<r<oo 

and  consider  the  eigenvalue  equation 

AAu  =  \r"^u   for  u  in  C  J  . 


r- 


<     -.• 


Oi 
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The  operator  Bu  =  r  AAu  is  Hermitian  on  the  subspace  [_) 

of  y'p  ,  and  finding  the  best  constant  c  for  the  inequality 
amounts  to  finding  the  lowest  point  of  the  spectrum  of  the 

operator  B  on  O  or  of  a  suitable  hypermaxlmal  extension. 
Alternatively  we  can  consider  the  flilbert  space 

]-y.  J   lf(x^,...,x^)  I  dc  <  00  ,   (g,f)  =   j   gfdt; 

0<r<oo  0<r<co 

and  the  eigenvalue  equation 

AAu  -  -7-u=  Xu   for  u  in  i^  )     . 

r^ 

The  operator  Bu  =AAu — r-u  is  Hermitian  on  the  subspace  ,' - ) 

r^ 

of  the  Hilbert  space  3'p  .   Wow  we  ask  for  the  largest  number 

c  for  which  the  operator  B  on  LJ  is  bounded  below.  This 
means  that  we  seek  the  largest  constant  c  for  which  there 
exists  some  constant  a  such  that 

c       I     r-^lu|2do<         j'     lAul^dt  +  a       J      lul^dr. 

C<r<oo  0<r<oo  0<r<co 

for  all  u  in  ^  >  .  ( This  is  not  quite  the  original  inequality, 
but  it  is  closely  connected  to  it.)  Of  course  this  ineouality 
is  intimately  related  to  tne  perturbation  problem 

-  A  u  +  -^  u  =  Xu 
r 

and   the   existence    of   constants   a   and  b   such  that 

i     r-'^lu|2d?:<a        f      lul^dt  +  b      J      lAul^dr     . 

0<r<oo  0<r<co  0<r<co 

Vfe  proceed  to 
Theorem  1.   Suppose  that  u  =  u(x-,...,x  )  is  a  function  in  i. ) 
which  is  not  identically  zero,  and  in  case  m  =  2  suppose  that 


--■i: 


I. 


.1    :«i .  ■•■ -L,  1^^     : 


tti- 


r  •*• 
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2tt 

J' 
11  (r   cos   c|),r    sin   cj))cos    f   dtf)  =   0    , 

0 

2Tr 

A 

I    u(r   cos   (j),r   sin   (j))sin  (|)d(()=0,  0<r<OD. 

'o 

Then  2   2        T  n 

0<r<co  0<r<oo 

For   each   set   of   three    constants   c,    a,    R    snch   that 

2   2 
•R  >    0   ,      c>0ifm  =  2,    c>  —'^iL  "^        if  m  =  l,3,l!.,,.., 

there  exint  a  function  u^  in  /  )  whicli  vanishes  identically 

o     r- — 

for  r  >  T^  and  a  function  u   in  j  j  which  vanishes  identically 
for  r  <  ^  satisfying  the  inequalities 


c 


J      r-^HuJ^dt>  ["      \^uJh■t^a       f       \uj'-dC 

0<r<co  0<r<co  0<r<co 

0<r<co  0<r<oo 

Heuristics . 

It  plainly  suffices  to  prove  the  theorem  for  real 
functions  in  i  )  ,  and  in  the  follox^Jing  all  functions  are 
assumed  to  he  real. 

Vfe  not  only  wish  to  prove  the  theorem,  but  we  want  to 
indicate  a  method  for  finding  the  best  constant  c,  which  car- 
be  applied  in  si'Tiilar  ■problems. 

One  might  expect  that  the  best  constant  c  will  appear 

even  when  the  functions  u  in  j^j   are  restricted  to  the  subset 
\J^    of  functions  u  =  f(r)  which  depend  only  on  r.   (This 

turns  out  to  be  wrong  in  case  m  =  2,  however.)   For  the 
function  u  =  f(r)  the  equation 


.  I.10    -f  ■■ ". 


12t;. 


-AAu  -  4-u  =  Xu 


reduces  to 


2            2 
,  d  ,  m-1  d  y ,    d   ,  m-1  d  x  ^   c  ^^  _  ,  ^ 
I  — ^  +  — —  _ — I  (  — _.  + ._ —  1 1  —  — J—  I  —  \i   , 

dr^   ^  '^^      d7       '"      '^^    r^ 

which  is  a  fourth  order  ordinary  differential  equation  with 
a  regular  singular  point  at  r  =  0.   Now  one  knov;s   that  a 
second  order  ordinary  differential  operator  X'jith  a  regular 
singular  point  at  r  =  0  ceases  to  be  bounded  belov;  at  the 
point  where  the  characteristic  exponents  (which  describe  the 
singularities  of  the  solutions  near  r  =  0)  are  no  longer  real. 
In  the  case  of  a  fourth  order  ordinary  differential  equation 
some  such  relation  between  the  realness  of  the  characteristic 
exponents  and  the  nature  of  the  spectrum  has  not  yet  been 
established,  but  is  conjectured.   The  characteristic  exponents 
are  found  by  trying  a  solution  of  the  form 

f  =   r°  +  a^r"^l-.a2r^-'2  +  ...  . 

Inserting  tliis  series  into  our  equation,  we  find  (from  the 
fact  that  the  coefficient  of  r    vanishes) 

a(a  +  m-2)(  a-2)  (  c.  +  m-l^.)  -c  =  0   . 

Regarding  c  =  c(r)  as  a  function  of  a,  we  can  sketch  the 
graph  of  c(o)  for  a  typical  value  of  m. 


P.  Rellich,  "Halbbeschr^nkte  gewbhnliche  Differential- 
operator  en  zweiter  Ordnung" ,  Math.  Ann.,  vol.  122  (1951) 
pp.  3'+3-368.  Hilfssatz  2,  p.  3ul. 


,-H  O     , 
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graph  of  c(a) 

Pdnce  c(a)  is  sjnnmetric  with  respect  to  the  line  a  =  c"  =  -^' 

and  c(c')  tends  to  +cjO  as  r   — >  ±ro  ,    it  follows  that 

.,       ,.     2.  _    .? 
c"  =  c(a")  =  ^^y^^-^-  is  a  relative  maximu^Ti  and  is  the 

largest  value  of  c  for  which  all  the  characteristic  exponents 


are  real.   Ihus  we  expect  c 


_  m  (m-ij.) 
IF 


to  be  the  best  constant 


for  our  inequality,   llote  that  for  this  value  of  c  and  \   =  0, 

L|.-m 

the  function  u  =  r    is  a  soli;tlon  of  our  ordinary 

differential  equation,  'fe  now  begin  the 

Proof  of  Theorem  1,  Vie  shall  use  spherical  harmonics  Y.  of 
dimension  n;  in  particular  we  use  the  fact  that  they  are  a 
complete  set  of  functions. 

Suppose  that  u  is  a  function  of  /J  .   Consider  Au  on 
a  fixed  sphere  r  =  o«   For  a  complete  orthonorraal  system  of 
real  spherical  harmonics  Y  , Y-,  , Y2' •  •  • »  ^®  have  Parseval's 
relation 

(Au)''du>  = 
r=p 


f 


4'.o) 


where 


Cj^(p)  =   f  Y^  AudLO 
r=p 


-.  •  •  -t. 


:  fit:. 


-    t  ,  ■  «, 
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Now  we  can  write 

where  /\  is  a  differential  operator  Independent  of  r  involving 
only  angular  variables.  Hence  we  have 


^.(P)=  f  \(-4^=iia4-^A>"^"  =  (T^-^fi^-^^^^^T^lf, 


r=p 
where 


r=p 
and  we  obtain 


^    00 
/"'.->         CO 


(  Au)2dr=  ^     (  r"^-^2(^)^^ 


0<r<oo  "■  ^'  ''0 


00 

CO 


=  E:  |[r^"^-f;;^+  (m-l)2r"^-3f^2^k2(k+m-2)2r^-^f2 


+  2(m-l)r'^"2fJ^f^-  2k(k+m-2)r"^"^fj;fj^ 
-  2(m-l)k(k+m-2)r'^"^f^^fj^]dr 


CO   "^ 

k=0 


0 
where 

a  =  2k(k+m-2)  +ra-l  and  b  =  k(k+m-2)  [k(k+m-2)  +  2(m-lj.)  ]   . 

Suppose  that  f(r)  is  any  fu'jction  which  vanishes 
Identically  near  r  =  0  and  r  =  oo  and  \-jhich  has  continuous 
second  derivatives  in  0  <  r  <  co  .   Note  that  each  f,(r), 
k  =  1,2,...,  has  these  properties.  We  shall  find  another 
representation  for 

00 


f  (r"^-lf"2+ar^-3f'2)dr    . 

4) 


t  f  "V 


"  •■  -  X  " 
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l\.-rr\ 


^'fe  use  the  function  r    which  occurred  in  our  heuristic 
argument  to  define  a  new  function  p;(r)  by  the  relation 

f(r)  =  r  "^   cr(r)   . 
This  artifice  was  known  to  Jacobi.   ''e  find  that 

r  -  -^  r 
and 


f'=k^r^  g  +  r^   g' 


m  2-m  i4.-m 


Thus   we    obtain 

GO 

r  (r"^-lf"^+ar™-^f'^)dr 


0 


GO 

-12,,^     m^2 .        m^Z 


=   r    [r-V{(2-2)    (1-|)     +(2-f)'a)  trg'    ((It-mj-^+a) 


+  r-'^g"     H-gg'((l|-m)2(l-  ^)  +  ()^-m)a) 
+   rgg"{i|-m)(l-g)  +2r^g'g"([|-m)]dr 

T     p       00  00  p 

=  (Uz^    r  ,-y^,,    |>  f,-V  ([^  (,.^,^) 

2  1  T      2 

+  rg'    (a +^(^-J]-)(m-2))  +r-g"    ]dr 

Now  put  gj^(r)  =  r  ^''  f,  ;  then  we  have 

00 

J   (r'^-lf;^    ^ar'^-^fjl^    +br^-^f^)dr 
'o 

p     p       00  00 


^(m^)jl_     ;<   g2r-l<ir+    f  (rSgf  +  p^rg'     *  P^r'lgSjdr 


■■0  -^0 


iijhere 


y.  v-t   .-j 


rr. 
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2  2 

p^  =  iE^L{a-m+l)  +  b  =  k(v+m-2)[i-^-l-  +  k(k+m-2)  +  2(ra-l+)] 

p^  =  2k(k+m-2)  +  m-1  +  ^(m-l+)  (rri-2)   , 

In  case  m  =  1,  we  have  p  =  k(  k-1)  [k(  k-1)  -  4]  and  p-,  =  2k(  k-1) +p- . 

Plainly  p  >  0,  p-,  >  0  for  all  k  =  0,1,2,...  . 

2   2  2 

In  case  .ni_=  _2,  we  have  p  =  k  (k  -2)  and  p-.  =  2k  +1. 

Plainly  Pq  >  0,  P-j^  >  0  for  k  =  0,2,3,...,  but  p^  <  0  for  k  =  1. 

In  case  m  =  3,  we  have  p  =  k(  k+1)  [k(k+l )--^]  and  p^  =  2k(k+l)  +  ^  . 

Plainly  p^  >  0,  V-^   >    0   for  all  k  =  0,1,2,..,  . 

In  case  m  =  U,  we  plainly  have  p  >  0,  p-,  >  0  for  all  k=  0,1,2,..,. 

Hence  we  have 


CD 

[■   (r^^-lfj^^  +  ar^^-3f -2  +  br"^-^f2)dr 

"o 

P     P       CO  CO 

>-  ^"4f^  1  «^-^*  ^  [  -^8li'* 

0  '"^0 

for  k  =  0,1,2,,.,  provided  m  /  2   and  for  k  =  0,2,3,...  if  m  =  2, 

CO 

^   7   2 
If  \    ^  &[r   '^i''  ~  0  then  gV  =  0;  and,  since  g^^  is  identically  zero 

0 
near  r  =  0  and  r  =  co  ,  it  even  follows  that  g,  =  0.   Thus  if 

CO 

fi     -)      2 

j    r  g|'    dr   =   0  for   k  =   0,1,2,...,    then  u  =    0.      Hence   we  have 

1  (r"^-lf^  4-ar"^-3f'"  +  br"^-^f2)dr  ->  i^L'^l-'JH-    f  ^""^^k  ^"^ 


m 


•k  -^"^   -^k  ""^    "k^^^  " T5- '        "-k 

0  ''o 


if  u  ^  0  and  if  f^(r)  =  0  in  case  m  =  2.  "e  finally  obtai 
0<r<oo  0<r<oo 
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(y 


for  real  u  ^  0  and,  in  case  m  =  2,   j  Y-|^ud''/J  =  0  for  0  <  p  <  oo 

r=p 
and  all  spherical  harmonics  Y-,  of  order  1  and  dimension  2, 
i.e.   Y-i  =  cos  (j)  and  Y^  =  sin  (|)  v/here  x  =  r  cos  (j)  and 
y  =  r  sin  ^.      This  proves  the  first  part  of  the  theorem. 

To  prove  the  rest  of  the  theorem,  we  first  introduce 

1 

2        2  ? 

functions  which  depend  only  on  r  =  (x'+  ...+  x  )  ,  which 

vanish  identically  near  r  =  0  and  r  =  co  ,  which  are  identically 
equal  to  1  except  near  r  =  0  and  r  =  oo ,  and  which  have 
continuous  partial  derivatives  of  all  orders  v/ith  respect  to 

X, , . . . ,x  .  We  define  the  auxiliary  function 

I'm  '' 

0  ,   for  X  <  -1  , 

I      "" 

e(x)  =  ^    e   I  exp  (-^ — )dx   ,   for  -1  5  x  <  1   , 


1  ,   for  X  >  1  , 

where  the  constant  Oq  is  chosen  so  that  e(l)  =  1,  i.e. 

/  1       -.     .-1 
e   =  I  r  exp(-^r= — )dx)   .   It  is  easy  to  see  that  e(x)  has 
°   ^l"l     x"^-l'   / 

continuous  derivatives  of  all  orders  in  -oo  <  x  <  co ,  and  e(x) 

satisfies  the  inequalities 

0<e(x)<l,    0<e'{x)<eQ,    le"(x)l<i|.eQ   , 

for  -00  <  X  <  00  . 

Suppose   that   0<a     <p     <b<a.      Define 

/  2r  -  a     -  P^  \       /  2r  -  a    -  b    \ 
\        n        n       /      V         n       n      y 

and  note  that  h  (r)  has  continuous  derivatives  of  all  orders 
in  0  <  r  <  00  . 


1^1     . 


:>;'Tef'''';    1ft 


,'      v-:-5ii    'i      -■•'^     - 


/N 
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a 


n 


n 


h 


n 


n 


-> 


Graph  of  h  ( r ) ,  0  <  r  <  co  . 


Evidently  h  (r)  =  0  in  0  <  r  <  a  and  in  a   <  r  <  co ,  and 
''   n^  n        n         ' 

h   (r)    =  1   in  6     <  r  <   b^,    and   0  <  h^(r)    <linO<r<co. 
Moreover 


1  I  2e^  ,  ,  l6e^ 


n       n 


2e 

|h'(r)l    < ° 

n^     '      —  a     -  b 
n        n 


.-  ,     lh;;{r)l  < 


l6e 

T   >      for  b     <  r  <  a 

(a    -b    )"  u  -       -     n 

^    n       n' 


Nov/  suppose  that  R  and  c  are  given  numbers  with  R  >  0 

and  c  >  ii?— ij-7~—  ,   In  order  to  construct  the  function  u 

occurring  in  the  statement  of  Theorem  1,  we  put  t)  =  -p-  ,  a  =  R, 

a  =  TT-  ,  3  =  —  ,  for  n  >  n„  >  f7  ,  and  we  define 
n   2n  '  '^n   n  '       —  o   R  ' 

m 


v^(Xt,...,x,^)  =  r 


'J 
'n'^^l' *  *  * '^m'  ~  "-'  h^lr).   In  P^  <  r  <  co  ,  the  function  v^ 

is  independent  of  n,  and  there  we  denote  v   by  v. 
For  r  >  0  we  have 


m 

/JVv  =  (2-5)§r'2  h  +3r 
n       2'  2      n 


A 


,   m      p  '^ 

^"  h'  +r   ^'  h"   . 
n        n 


Then  we  find 


.— r> 
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Av    l^dr  <  3'M 

"^   1  ^  '^    1 


r   -^[(2-^) 


m>,2  m     ,2 


n 


Ti      n 


0<r<— 
n 


<r< 


in  n 


+   9(rh')2+  (^2^n)2-,^^ 


n 


n 


vjhere    uj      is   the   volume   of   the   unit    sphere    m  m-diraensional 
m 

1  1 

sDace .      In  o—  <  r  <  ~  ,     we  have   the   estimates 
2n  n  ' 


lh^(r)l    <   1      , 


Irh'(r) I    <  ~ 


T    2e 
1        o 


n 


—  n 


=  1+e^      , 


rs 


l6e 


Ir2h;;(r)l    <  4-T-l  =   ^^%      • 


"      (2H) 


Hence    it   follovjs  that   there   is   a  constant   C-,    independent   of  n 
such  that 


\         lAv^i^dt?  _<   C-L 


0<r<i 
n 


(In  the    following   constants   independent   of  n  ^^;lll   be   denoted 
by  C->,    Coj    C^,    etc.)      Furthermore  vje  have: 


R 
2? 


,    I    J^%l'«='^.(2-f)'TJ. 


-1 


m^2  m'^ 


Rn 


r      rtr   =^;,^(2-^)      -^  log  -^ 


n  2 


r'^lv    |2dr<.. 


n 


'•^'    1 
0<r<~ 


1 
n 

-    '  m    I 
1 
2n 


r      dr   <   C2      > 


R 
Z 


\      ^"^'^n'^^'— ^^'m/       r-^dt.  =.'^  log 
1  .^  .  R  -^1 


Rn 


n 


<r<^ 


n 


f  i    ' •• 


( 
I 

J      ^      . 

— >'r.>. 


w  n 
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^<r<oo 


0<r<oo 


R 
2 

P        R 
^0 


Therefore,  for  each  real  number  a,  we  find 

0<f<co 


lim 
n — >co 


0 
0<r<co 


f   lAv^l^dr+a    f  Wi' 


■dr 


r   r-^Mv  l^d. 
0<r<oo 


(2-2)   -j^ 


If  n  is  chosen  sufficiently  large,  then  v  serves  as  the 

function  u  whose  existence  is  asserted  in  Theorem  1. 
o 

In  case  m  =  2  we  can  prove  a  little  more.   Put 

V  (x- ,x„)  =  x,h  (r)  =  (r  cos  i)h   (r);  here  r,  h   are  polar 
n^  1'  2     In  ^  n^   '       '  ^ 

coordinates  in  the  x-,,  Xp-plane.  ¥e  obtain 


-\i  =  (rh^+3h;)cos  \> 


so  that 
/I 


0<r<oo 


R 

[ 


I   lAv^|2dt=-r:  r  r-^{r2h;;  +  3rh;)2dr 


n 


<  2'ii[{l6e^)^  +  (126^)^]! 


2n     2 


R 

r\  .1 

r   dr  <  C 


5 


Furthermore  we  have 

/^  R 


0<r<oo 


Iv^l^dtr  <  TT  r  r^dr  <  C^ 

"0 


and 


I  .: 


«v.'    , 


vA 


133. 
R 
2 


^      r-^lv^J^dc  >,        f      r-^Mv^l^dS  =  ,T  r    r-^dr  =  7:  log  I^ 


o  1    ^-      R  *'l 

n  2  n 


Therefore   for  each  real  niiraber  a,    we    find 


05 


T  .         0<r<co  0<r<co 

lim =  0 


0<r<oo 

To  construct  the  function  u   ,  ire  choose  g   =  R,  0  =  2R, 

CO  n  '    "^n  ' 


b^   =  n,    a      =   2n,    with  n  >  n^  >   2P. ,    and  we   again  define 
n  n  —     o  ° 

o      m 

v^(x^,  ...,x^)    =r  \(^)*      "®   f'i'^^ 

2n 


r  2 

j       lAv^|2dr<  3^'^    [v-\{Z-\)-  I|^h2+9(rh;)2  4-(r2h;;)2]dr. 


n<r<co  ^n 


2e 

The   Ineoualities    Ih   (r)l    <   1,    lrh'(r)l    <  2n  — ^-^  =  ke    ,    and 

n            —                n            —           n  ^  o' 

Ir  h^lCr)  I    <  l|n     — -r—  =   6)4.6      hold   in  n  <  r  <   2n,  and  hence 


n—      --         ^cL 


j        lAv^l'^dr  <  c^      . 


n<r<co 


It   is   easy  to   see    that 

0<r<2R  2R<r<n  2R 

n 

0<r<2R  2R<r<n  2R 

2n 


I     r-^lv„l'dr<  c.;^  [r-^dr  <  c,o     . 


n<r<oo  n 


.11^    -    ': 


Hence  we  find 

T ,.  „   0<r<oo ,  ^  m  ^  2  m 

lim =  (2  -^)   -r- 

n— >co    P        -k\       \2,^  '^         ^ 

0<r<oo 

For  some  sufficiently  large  n,  the  function  v   serves  as  u 
in  Theorem  1. 

This  completes  the  proof  of  Theorem  1, 

s8.   Hermitian  forms. 

Let  3^^    and  /^    be  two  sub  spa  ces  of  a  Hilbert 
space  yp.   Then  a  (bilinear)  form  A(v,u)  on  T    ,  J^    i 


s  a 


functional  which  a3sip:ns  a  complex  number  to  each  ordered  pair 
u,  V,  with  u  in  y  ^  '    and  v  in  y^     '    in  such  a  way  that 

A(  v,a,u,  +  apUp)  =  a^A(  v,u-]^)  +  a2A(  v,U2 ),  u,  u,  ,  U2  in  'y  ^    ' 

A(a,v^ + apV2,u)  =  a^A( v, ,u) +  a2A( V2,u),  v,  v,,  Vp    in  > ^  ' 

The  form  A(v,u)  is  called  Hermitian  if  J"^-^^  =  T^^^  =  ^j,    is 


a  dense  subspace  and  if  A(v,u)  =  A(u,v)  for  all  u,  v  in   y.. 
The  subspace   3'a  i^  called  the  domain  of  the  form  A(v,u). 

If  A  on  '■  ;.  is  a  linear  operator,  we  can  define 
A(v,u)  =  (v,Au)  for  v  on  ^^"j  ,  u  on  •  ) ,  ;  and  thus  we  have  a 

bilinear  form  in  J  ^  "'■  ^  =  V;)  ,     J^^^  =  'I    .   If  A  on  ^J^  is  a 
Hermitian  operator  we  obtain  the  Hermitian  form  A(v,u)  = (v,Au) 

°^  -^A  =  ^'-A- 

At  the  beginning  of  section  6  we  considered  the  operators 

A(e)u  =  -u"  on  61  ( e ) :  (1)  u,  u' ,  u"  continuous  in  0  <  x  <  1  , 

(2)  u(0)  =  0,  eu'(l)  +u(l)  =  0, 


135. 

and 

B(e)u  =  -u"  on  ^J^it):    (1)  u,  u' ,  u"  continuous  in  0  <  x  <  1 

(2)  u(0)  =  0,  u'(l)  +  eu(l)  =  0, 

in  the  Hilbert  space 

1  1 

Jp  :   r  If  l^dx  <  00   ,   (g,f )  =  r  gf  dx   . 
"0  ^ 

Obviously 

1 
(v,Au)  =  r  ?'u'dx+i  7(T]u(l)  ,   u,  V  in  OX  ( e ) 

1 
(v,3u)  =  r  v'u'dx  +  e  v(l)u(l)  ,   u,  v  in  H(e) 

are  Hermitian  forms  for  real  e  7^  0.   They  can  be  extended  to 
Hermitian  forms  with  the  same  domain 

Jj:   (1)   u,  u' ,  u"  continuous  in  0  <  x  <  1 
(2)   u{0)  =  0 
where 


A(v,u)  =  C  v'u'dx +1  vTT}u(l) 


0 

■^  u,  V  in  J[^ 

B(v,u)  =  I  v'u'dx  +  e  v(  l')u(  1)  . 
0 

In  the  definition  of  <X  ( ^ )  there  are  two  conditions  of 
different  character.   The  first  condition  "u,  u' ,  u"  continuous 
in  0  <  X  <  1"  is  somewhat  vague  and  can  be  replaced  by 
different  conditions  e.g.   "u,  u'  continuous,  u"  piecewise 
continuous"  without  changing  the  operator  essentially. 
However,  the  second  condition  cannot  be  altered  without 
changing  the  operator  essentially  (i.e.  without  changing  its 


".» 
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spectriom) .  The  representation  by  means  of  the  form  separates 
these  two  conditions  (as  far  as  the  right  end  of  the  interval 
is  concerned).   It  is  easier  to  compare  the  two  forms  A(v,u) 

on  )^     and  B(v,u)  on  L-   than  to  compare  the  two  operators 

A(e)  on  (7t(e)  and  B(  e  )  on  "^(  e  )  • 

The  concept  of  the  extension  of  a  form  can  be  defined 

generally  as  follows:   The  Hermitian  form  B(v,u)  on  L/„  is 

said  to  be  an  extension  of  the  Hermitian  form  A(v,u)  on  j^. 

when  £!g  3  J^^  and  B(v,u)  =  A(v,u)  for  u,  v  in  X^^,      It  is 

called  a  trivial  extension  if  to  each  pair  v,  u  in  Jp   there 
exist  a  pair  of  sequences  u  in  CX    with 

lim  llu  -  ull  =  0  ,  lim  llv  -  vll  =  0  , 

n — >oo  n — »oo 


lim  A(u  -u  ,u  -u  )  =  0  ,     lim  A(v  -v  ,v  -v  )  =0  , 
«.  ^  ^.-^  n  m'  n  m'     »   „  ^  ^^^  n  m*  n  m' 
m^n — >oo  n,m — »oo 

and  such  that 

B(v,u)  =  lim  A(v  ,u  ) 
n— »  00 

Exercise;   Prove  that  the  form  A(v,u)  =  f  v'u' dx  + -  v( l)u( 1) 

on  j._y    is  a  trivial  extension  of  the  form  (v,A(e)u)  on  (Jt(e) 
In  quantum  mechanics  Dirac's  5-function  is  sometimes 

used  to  make  clear  the  physical  significance  of  a  boundary 

c  ond  i  t  i  on . 

Consider  the  Hilbert  space 

CO  00 

5p:        r    lf(x)l^dx  <  00    ,        (g,f)   =     r  gI3rrf(x)dx 
-co  -co 

and  the   operator 
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Au  = 


-u"    on     (71:    (1)   u  continuous    in  -oo    <  x  <  co , 

u'  ,   u"   piecewise   continuous   in 
-00    <  X  <   00  ,    and   continuous   for  x  p^  0; 

f   lurdx  <  00,        C   lu"rdx  <  00  . 

-co  -00 

(2)    -u'(+0)  +u'(-0)  +  Ku(0)    =   0 


where  K  is  a  given  real  niomber.   Obviously  A   on     Qt   has  one 

2 
and  only  one  point  eigenvalue  if  K<  0,  namely  \     =  -  yc  , 


with  the  un-normalized  eigenfunction  u^  = e 

°  o 


=  «rvlx 


If  we  want  to  interpret  the  operator  A  on  (^  as  the 
quantioin  mechanical  Hamiltonian  of  the  motion  of  a  particle 
along  the  x-axis,  the  significance  of  condition  2  in  the 

definition  of  CK     (and  thereby  in  the  definition  of  the 
operator  A  as  well)  is  not  clear.   It  becomes  evident  if  we 

omit  this  condition  2,  define  X^     as  consisting  of  all  those 

in  5c  which  satisfy  condition  1,  and  then  'Mefine"  the 
operator 


Au  =  -u"  +  K5(x)u   ,   u  in  f^ 


Then  -u"  +  lC5(x)u  =  Xu,  -oo  <  x  <  oo  is  simply  Schrbdinger' s 
equation  of  a  particle  moving  along  the  x-axis  in  a  field 


:  K 


Of" 
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whose  potential  is  given  by  K^6(x).  We  can  now  understand 
immediately,  why  a  point  eigenvalue  exists  for  k.  <  0   and  not 
for  ic  >  0. 

However  this  is  not  a  proper  definition  of  a  linear 

operator  on  j-^  ,  because  the  symbolic  function  6(x)  is 
involved.  We  prefer  to  say  that  the  form 

00 


A(v,u)  =  j  v'udx+  Kv(0)u(0) 

-00 


is  defined  for  u,  v  in  /^  .   Obviously  A(v,u)  on  l^    is  an 

00 

extension — even  a  trivial  one--of  the  form  (v,Au) =  -  f  vu"dx 
on    01  .  -00 

Consider  the  similar  example 

Au  =  -(u^x"^  "yy"^  ^zz^  "^  K  5(x,y,z)u  =  Xu  ,   -oo  <  x,y,z  <  oo 
in  a  suitable  subspace  of  the  Hilbert  space 

00  00 

5^:  j'[j'  \f{x,j,z)\hx<  oo    ,        (g,f)  =JjJifd^  . 
-oo  -00 

Again  we  replace  this  improper  operator  by  the  well  defined 
Hermitian  form 

00 

A(v,u)  =  fff  (v^u^  +  ?yUy+ v^u^)dt  +Kv(  0,0,  0)u(  0,0,0) 
-oo 

defined  for  u,  v  in 

f^  :      u  has  continuous  first  derivatives  in  -oo  <  x,y,z  <  oo, 

CO  00 

ffj^   lul^dr  <oo,  jT/lgrad  urdr<  oo  . 


-00  -oo 


This  form,  or  any  suitable  Hermitian  extension,  is  a  correct 
substitute  for  the  operator  -  /\  ^   K5(x,y,z). 


't  J 
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We  call  a  Hermit ian  form  A(v,u)  on  J^  .    bounded  below  If 
a  constant  a  exists  such  that  A(u,u)  >  a(u.u)  for  all  u  in  >L a  • 

In  our  example  the  form  Is  bounded  below  if  k  >  0,  but 
nevertheless  it  is  well  known  that  the  form 


Wa 


(v^u^ +VU+ V2U^)d'r:+  icv(  0,0, 0)u(  0,0,0)  is  a  thoroughly- 
unreasonable  one. 

The  concept  of  a  Hermitian  form  A{v,u)  on  [^.    is  too 
general,  whereas  restriction  to  forms  which  are  bounded  below 
is  too  special.  Vie   shall  require  that  the  form  be  closeable. 

Definition.   A  Hermitian  form  A(v,u)  on  /C-  is  said  to  be 

closeable  if  every  sequence  z  on  f^     such  that  lim  Hzy,'!  =  0 

n — >oo 

and   lim  A(2  -z„,z^-z  )  =  0  satisfies  the  relation 

^  „ ^  -  -       n       m     n       m 

n,m: — »oo 

lim  A(z    ,z    )    =  0. 

n— >oo  

00 

Exercise.      Prove   that  A(v,u)   =  flf  (vu    +vu    +vu   )d'C 

\»'   vyjiixx   yy   zz 

-co 

^^'^ 'v(  0,0, 0)u(  0,0,0)  on  )^  ,  and  any  Hermitian  extension,  are 
not  closeable. 

The  word  "closeable"  is  used  to  indicate  the  intimate 
relationship  to  the  concept  of  a  closed  form  at  least  in  the 
case  of  forms  that  are  bounded  below. 

A  Hermitian  form  A(v,u)  bounded  below  on  ^  is  said  to 

closed,  if  each  element  u  on  j?  for  which  there  exists  a 

sequence  u  on  d     such  that  lim  llu  -ull  =  0  and 
n— >oo  ^ 

lim  A(v  -v  ,u^  -u^)  =  0  belongs  to  Ol     and 
n,m — >co 

lim  A(u  -u,u  -u)  =  0.   Obviously  any  closed  form  is 
n — >oo 

closeable. 


*UM     ,  ■ 
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We  shall  prove  that  every  bounded  below,  closeable  form 
A(v,u)  on  (ft     has  a  trivial  extension  which  is  closed,  and 
which  is  called  its  closure.   If  A(v,u)  on  (T[    is  closeable 
and  if  B(v,u)  on  '^  ^01      is  a  trivial  extension,  then  the 
closure  of  A(v,u)  on  ^   is  a  trivial  extension  of  B(v,u) 

on  ;53. 

In  the  literature  a  form  which  has  a  closed  trivial 
extension  is  sometimes  called  a  form  which  has  a  closure. 
Using-  this  language,  we  have  the  theorem:  A  form  bounded  below 
is  closeable  if  and  only  if  it  has  a  closure. 

To  prove  that  a  closeable  form  A(v,u)  on  l^  which  is 

boiinded  below  has  a  closure  we  shall  again  introduce  the  norm 

1 

Hull.  =  (A(u,u)  +a(u,u))   for  all  u  on  c^  ,  x^jhere  a  is  a  real 
constant  selected  so  that  A(u,u)  + a(u,u)  >  (u,u).  We  then  have 
Hull  .>  Hull  ;  we  can  even  define  the  inner  product     •, 

(v,u).  =  A( v,u)  +  a( v,u)  and  then  we  have  Hull,  =  (u,u)..   The 

proof  will  consist  in  showing  that  the  subspace  01    can  be 
closed  with  respect  to  the  norm  Hull  .   But  this  latter  fact 

can  even  be  proved  if  the  closeable  form  A(v,u)  on  01     is  not 

1 

bounded  below  if  we  Introduce  the  norm  i'ull.  =  Ia(u,u)|  +  Hull 

for  which  again  Hu  IL  >  Hull  holds.  VJe  give  a  proof  which 

covers  both  cases,  and  we  shall  replace  oior  Hilbert  space  j^ 

by  a  Banach  space  7^  (without  restrictions  on  dimension, 
e.g.  separability).  We  prove  first  the  general  theorem: 

Suppose  that  Jp  is  a  Banach  space  with  the  norm  Hull. 

Suppose  that  a  norm  II u  II  .  Is  defined  on  the  subspace  01  CZ    ^^  , 

satisfying  (in  addition  to  the  usual  requirements)  the 
following  two  conditions: 


[r 


;■!       t 


lll-l. 

(a)  llull^  >  Hull     for  u  on    <^  . 

(b)  If  2      is   a   sequence   in    Oi    for  which     lim  H  z    11  =   0 

^ n— >oo 

and       lim     II  z^  -  z    II  .  =  0,    then     lim  Hz    11.   =  0. 
n,m^co      n       m    A  ^_^^     n  A 


Call 

Oi 

the 

subspace 

of  all  u  on  '3  for  which 

a 

sequence  u  of 

■  01 

exists  s\j 

ich  that  lim  u  -  u  1 
n->co     ^ 

=  0 

and 

lim  lu  • 

m,n— >CD 

-\ 

I  A  ^ 

0.   Then 

the  following  statements  ; 

hold: 

1.   If  u 

is 

on  tJl    and  u^, 

V  are  two  sequences  of 

(7t  with 

lim   u  - 
n— >CD 

u 

=  0, 

lim  V  "U   =0,    lim  lu  - 
n— 3»co            m,n— >oo 

^  1. 

m  A 

=  0, 

and  lim  v 
n — &-00 

r   . 

n 

V'a 

=  0,  then  lim  u  1  =  lim  v 

n-»oo     ^^   n— >aD     ^ 

exist 

• 

vfe  call  the 

!  common 

limit  llu 

1  ^.   Thus  in  (Jl     there  is 

defined 

a  norm  II  u 

,  which 

coincides 

s  with  the  norm  u  . 

defined  in 

01   , 

2.      This  norm    llu  II  a    satisfies   the   following: 


(a)      Hull     >   Hull     for  n  on   01     and   (b)    if   z      is  a   sequence    in 

/7t  with     lim  Hz    II  =  0  and       lim     II  z^  -  z^ll.  =   0,    then 
^^  n  ^     n       m   A 


n— 5.00  n_jm — >oo 


lim  llz^ll.  =   0. 
n->oo     ^    ^ 

3.       (Jl  Is  a  Banach  space  with  the  norm    Hull.  . 

Proof.      1.   The   first    statement   follows   from  the   fact   that   for 

z     =  u    -  V     we  get      lim  II  z    11  =   0  and        lim     II  z„  -  z^  II  .  =   0,    and 
n  n       n         ^       ^_^^     n  n,m-*oo     "       m    A 

consequently     lim  Hz^^ll^  =   0,      Now    |  Hu^H;^  -  '1^^"^  |   -  "^n'L  * 
n — >oo 


ll).2. 

and.  hence      lim       Hu    IL  -    Hv    IL       =   0.      The   convergence   of  the 
n — >oo 

sequence    llu    II.    follows   from     llu    ll.-llu    IL     <  llu    -u    II.  -^>0 

^  nA  nAmAl— nmA 

as  n,m  — *«  oo  .      Therefore      lim  llu    II.   =     lim  II v    II.     exist. 

^ ^  ^^  n  A   „ ^ n  A 

n — >  CO       n — >oo 

2,   For  each  u  on    {J{    there  exists  a  sequence  \x^  on     OX   such 

that  lim  llu  -u  IL  =  0. 
^ n  A 

n — »oo   

Proof.   Obviously  a  sequence  u  on  ^  exists  with 

llu-u^ll  =  0  and   lim  llu  -u  li  .  =  0.  We  have 
n         „  „  ^^_  n   m  A 
m,n — >co 

lim  llu  -u  II .  =  llu^-ull.  according  to  statement  1  of  our 

«_^=^^  n   m  A     n    A         ^ 
m — ^-oo 

theorem.   To  a  given  e  >  0  choose  N  such  that  llu  -u  II.  <  e 
°  n   m  A  — 

for  all  n,m  >  N  .   Then   llu„-ull.<  e  for  n  >  N   which  is  the 
—  n    A—        — 

statement. 

3*     Let    z     be   a   sequence   on    rTl    with     lim  II  z    II  =   0, 
^ n-->co       

lim     II  z^  -  z    IL  =   0.      Then  we  have      lim  llz^ll.  =   0  too. 

«  M.    ^^     nmA  „    ^^     n    A 

n,m — 5>oo n — >oo 

Proof.      I,et   f     ,     be   a   sequence   on    (^    ^^;ith 

11m  llf     ,   -  z    II  .  =   0,    n  =  1,2, ...    .      Then,    for  all  k  >  k     we 
k_^CQ     n,k       n    A         '  -     n 

^^^^     "^n,k-^n"Al^-     C^ll  ^n  =  ^n,k^-     ^^^   ^^^    '"%- ^n"A  ^  H 

and     llu^  -  u^lL  <   llu„  -  z    IL  +  II%-  z^lL  +  llz,-  z^ll,  <  ^  +  ^ 
n       mA—       n       nA        m       mA         n       mA—  n       m 


+      z    -  z     L 

n       m   A 


-  0,   n,m  — >  CD  .      Prom      u   -  z    I      <     u    -  z    IL  <  — 
'      '  nn       —       nnA—  n 

it  follows  that  llu  II  <  II  z  II  + >0.   Thus  u^  is  a  sequence 

n      —       n         n  ji  ^ 

on    (^    with     lim  llu    II  =   0  and       lim     llu    -u    IL     =  0  from  which 

„ ^  ^     n  v„v,- '^       mA 

n— *•  00  m ,  n-— ^  oo 

it  follows   that      lim  llu    IL  =   0.      But 

n-.>oo     ^   ^ 

"^n"A^"^n-^n"A-^"%"AlH-^l'^n"A--0  *^^"     li"^"^n"A=  °- 

n — >oo 


.i<:i.-:< 


f.  I 


!1     -I/ 
r 


•■• '  r 


Ill3. 


i;.  Suppose  that  x  is  a  sequence  on  (T{    such  that 


lim     llx    -  X    II     =   0.      Then  there   exists  an  element  x   on  (^ 
m,n — >  00 ..^______„_____ 

such  that     lim  llx^-xll.  =  0. 

„ ^,^     n  A 

n— ^>oo  

Proof.   In  any  case  an  element  x  on  3  exists  with 

lim  llx  -xll  =  0,  We  shall  prove  that  x  is  in  d^  .  Since  x 
n-^oo  ^ 

is  on  (JT  a  sequence  u„  of  CI    exists  with  llu  -x  IL  <  •=■  . 

n  nnA—n 

This  was  proved   in  step  2.      Therefore    llu    -x    II     <  —  and 

n      n       —  n 

lim  llu„-xll     =0.      Furthermore    llu    -u^ll.   <  llu    -  x„  IL  +  llx_  -  u  IL 
Yx-.^cD  nmA—       nnAnimA 

+  llx    -  X    II     — >  0,    n,m  —>  CO  .      Thus  x  belongs   to   01   .      The 

sequence   z„  =  x_  -  x   is    in    (X(    with     lim  llz^ll  =   0, 
nn  *  «^n 

n— >co 

lim     llz„-  z    IL  =  0.      Therefore     lim  II  z„  II  .  =   0  at 

^  ^ ^--  n   m  A  v,_^^  n  A 

n,m — >oo  n — >oo 

lim  llx  -xll  =  0.   This  completes  the  proof  of  the  theorem, 
n — >co 

It  is  obvious  that  our  condition  (b)  is  not  only  sufficient  but 
also  necessary  to  be  able  to  close  a  subspace  01    of  b.   Banach 
space  Ip  in  which  a  metric  llu  II   >  Hull  is  given  to  a  subspace 

m  of  ^, 

We  return  to  oviv   Hilbert  space  S'P  and  prove: 
Every  form  A(v,u)  on  (ft    which  is  closeable  and  bounded 
below  has  one  and  only  one  trivial  extension  A(v,u)  on  (^  which 
is  closedj  this  is  called  the  closure  of  A(v,u)  on  OL    . 

Proof.   Call  OX     the  set  of  all  u  of  the  Hilbert  space  fp  for 

which  there  exists  a  sequence  u  in  (TL  such  that 

lim  llu^-ull  =  0  and  lim  A(u_  -  u_,u„  -  u„)  =  0.   Choose  a 

„ ^^     n  „  m_^^        n       m'   n       m 

n— >oo  n,m— ^00 

constant   a  such  that  A(u,u)+a(u,u)  >  (u,u)   for  u  in  ^ ,    and  define 


1 

Hull.  =  (A(u,u)  +a(u,u))  .   Obviously  Jl    coincides  with  the 

set  of  all  u  in  j^  for  which  a  sequence  u  exists  with 

lira  II u  -  ull  =0  and   lim  II u  -  u  IL  =  0.  From  the  above 

^,^      n  _ ^^_     n       m    A 

n — >co  m,n — >oo 

theorem  we  know,   that    <7T    is  a  (complete)    Banach  space  \inder 

the  norm    llulL    =     lim  II u    II.  .      Thus,    to  a  pair  u,   v  on  <:5t 
^        n— *oo    ^   ^ 

there   e.xist  a  pair  of   sequences  u^,   v^  with     lim    II  u^-ull.  =  0 
'^  ^  nn  ^      nA 


n— *-09 


and     lim  II v    -vll.  =   0.      Vie  have 

^ ^^    n  A 

n — >co 


Ia(v    ,u   )-A(v    ,u    )I    =    Ia(v    -V    ,u   )  +  A(v    ,u    -u    )l 
n'   n  ^   m'   m  ^   n       m     n  ^   m'   n       n 

=    '(^n-%'^n^A-^^^n-%'^n)^^%'%-%^A-^^V%- V' 

<  llv    -V    IL    llu    IL  +  lal    llv    -V    llllu    lU  llv    II     Ik    -u    II 
—       nmAnA  nm         n  mAnmA 

+  lal    llv    llllu    -u    11—^0   ,      n.m  — >  oo 
m         n       m  ' 


If  u    ,   V     are   any  other  pair   of   sequences   such  thalf 

lim  llu    -ull.  =   0  and     lim  llv    -ull.  =   0  we   get 
n — >oo  n — >oo 

lim  A(v    ,u   )    =     lim  A(v    ,u   ).      This  makes   it  possible   to 

v,_^or,   n*  n    ^ ^  n'  n  ^ 

n — >oo  n — >-oo 

define  A(v,u)  =  lim  A(v  ,u  )  for  each  v,  u  on  f7C  .   Obviously 

n— >oo      ^ 

A(v,u)  on  Gt  is  a  trivial  extension  of  A(v,u)  on  (K    . 

Let  A'(v,u)  on  (tC  ^   0[   be  another  closed  trivial 

extension  of  A(v,u)  on    01  .      To  each  pair  v,  u  of  Ot/  there 

exist  sequences  u  ,  v^  on  OT.     such  that  lira  llu^-ull  =  0, 

n — >Q0 

lim  llv  -vll  =  0,  lim  A(u  -u  ,  u  -u_)  =  0, 
^  ^^  n  V,  „  -^„^  '  n  m  n  m'  ' 
n — >co  n,m — >-oo 


-•OT  .• 


.    'i    I 


1       .iL. 


►1   •■ 


n  i^^''^''n-^m'^n-%)    =  °'   ^^'^     ^^"^  ^^^n'^^   =  A'(v,u). 
n ,  m — 3»<x)  n— >  oo 

This    shows   that  u,    v  are   elements   of    01     and  that 

A(v,u)    =  A(v,u)    for  u,    v   on    <7t'   c  ^   .     We   need  to   show 

CJl  =    0\  ,  Take  any  element  xx  on   Gl   ,   and  select  a   sequence 

u     on    {}{     such  that      11m    llu    -  ull    =0  and        lim     llu    -u^ll    =0. 

n — ■>oo  n,ra — >ao 

Such  a  sequence  is  also  in  (91'  and   lim  A(u  -  u  ,u  -u  ) 

n ,  m — >  00 

=        lim     A' (u„-  u   ,u^-  u^)    =   0.      Since  a'(v,u)    on    <r^'    is   closed 

^  „ ^,^         n       m     n       m 

n,m — >oo 

u  is    in    01  ,  hence    (A    ^  01    .      This    completes   the   proof. 

It   is  a  well-known  fact  that  every  operator  A  on  JX 

which  is   bounded  below  defines   an  associated  form   (v,Au)    on  0\_ 

which  is  bounded  below  and  has  a   closure.      Therefore  we   expect 

that    (v,Au)    on    (Tl     is    closeable .      But   the   latter   is   even  true 

if   the  Hermitian  operator  A   on    ^     is  not  bounded  below. 
H.   C.    Kranzer  proved: 

If  A   on  a   subspace    0\     of    p     is  a  Hermitian  operator, 

then   the   form   (v,Au)    on    CT{.     is    closeable. 

What  we  must  prove   is   this:      If  z     is  a   subsequence  of  (K 

with     lim  II  z    II  =   0,        lim        (z-z,A(z    -z))=0  then 
n — >oo  n,m — >co       '^       "^         n       m 

lim  (z^,Az„)    =   0.      Let  u,    =  z^    ,   k  =  1,2,...,      lim     u,    =   0 

_       nn  Jrcn,  ^  k 

n — >oo  k  k — >(3S) 

be  a  subsequence  for  which  (u,  ,Au,  )  >  0  for  all  k  =  1,2,... 
or  (Uj^,Au^)  >  0  for  all  k  =  1,2,...   holds.   If  we  have  proved 

lim  {vu   ,Au,  )  =  0  for  each  such  subsequence  then 
k-^oo  ^^   ^ 

lim  (z  ,Az  )  =  0  is  proved  too.   To  a  given  e  >  0  choose  a 
n — >co  ^   ^ 

such  that  l(Uj^ -u.,A(u^  -  u  ) )  I  <  e  if  k,  j  >  k.   Then 
l(\ij^,A\ij^)  +  (u,,Au,)  I  <  e  +  l(u.,AUj^)  I  +  l(AUj^,u.)  I  .  To  a  given 


■I .  "J 


k  >K  choose  j  =  ,j(e,k)  such  that  l(u.,Au.  )l+  l(Au,  ,u.)!  <  e. 
This  is  possible  since   11m  llu.ll  =  0.   Thus 

I  (u,  ,AUj^)  +  (u  .,Au  .)  I  <  2e  for  every  k  >  K  if  j  =  j(e,k) .   But 

l(u,  ,Au,  )  +(u.,Au.)l  >  l(u,  ,Au,  )l  and  therefore  Uvij^jAtL  )l  <  2e 

for  every  k  >  K.   This  means  lim  (u,  ,Au,  )  =  0  and  the 
assertion  is  established. 

It  can  be  proved:    Corresponding  to  any  bounded  below, 
closed  form  A(v,u)  on  ),_.  there  is  one  and  only  one  hyper- 
maximal  operator  A  on  (r{    '^.    /jl  such  that  (1)   (v,Au)  =  A(v,u) 
for  V  on  j-^  ,  u  on  ^  and  (2)  the  form  A(v,u)  on  L  is  a 
trivial  extension  of  (v,Au)  on  01   . 

If  we  begin  with  a  Hermitian  operator  k   on    Ol  ,   which  is 
bounded  below,  we  can  define  the  form  (v,Au)on  Ol    »      It  is 
closeable  and  bounded  below.   Therefore  a  trivial  extension 

exists  which  is  closed;  called  A{v,u)  on  Ot   .   Because  of  the 
theorem  cited  above  there  exists  a  unique  hypermaximal  A  on 
Cn  ^  <^  such  that  (1)   (v,Au)  =  A(v,u)  for  v  on  |^  ,  u  on  '^X 
and  (2)   A(v,u)  on    01    is  a  trivial  extension  of  (v,Au)  on  Ol    . 
This  hypermaximal  extension  A  on  OX  of  the  Hermitian  (bounded 
below)  operator  A  on  OT  is  called  the  Friedrichs-extension  of 
A  on  Gt    . 

Since  we  prefer  to  deal  with  essential  self -adjoint 
operators  (rather  than  hypermaximal  operators),  we  shall  give 
a  slightly  more  general  definition. 

An  operator  B  on  J^'  is  called  a  Friedrichs  extension  of 

a  Hermitian  operator  A  on  ^  which  is  bounded  below  if  it  is  an 
essentially  self-adjoint  extension  of  A  on  C\     such  that  the 
form  (v,Bu)  on  ^  is  a  trivial  extension  of  the  form  (v,Au) 
on  (K    . 


K.  0.  Friedrichs,  Spektraltheorie  halbbeschrRnkter  Operatoren 
und  Anwendungen  auf  die  SpektralzerlegTing  von  Different ial- 
operatoren,  Math.  Ann.,  vol.  109  (193U),  PP^  h^S'hfi>l ,    especially 
Satz  7  and  Satz  9  (pp.  l;78-l4.80)  . 
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§9 •   A  criterion  for  regularity  involving  forms  instead 
of  operators. 

Consider  an  open  region  D  with  boundary  r*  in  the 
x,y,z-space  which  contains  the  origin  x  =  y  =  z  =  0;  and 
consider  the  Hilbert  space 

i^:    f  |f(x,y,2)|^dx  <  00   ,    {s,^)=     (  gf  dT 
D  D 

and  the  sub space 

JD  :      u(x,y, z)  has  continuous  fourth  derivatives  in  D  and 
vanishes  identically  in  neighborhoods  of  the  origin  of  every 
boundary  point  of  D.   Then  the  operator  A  u  =  /\  /\u  is  a 

Hermitian  operator  on  cU    and,  since  (u,A  u)  =  j  | /\ u  |  dT , 

h  ° 

A  on  i-^   is  bounded  below.   This  operator  is  not  essentially 

self -ad joint,  but  it  has  an  essentially  self -ad joint 

Priedrichs  extension  whose  spectrvim  is  discrete,  \^,Xp,  ... 

with  lim  A  =  CD.   It  is  characterized  by  certain  boundary 

n-->oo 
conditions  at  |   and  at  the  origin. 

We  consider  on  Jj   the  perturbed  operator  A(e)=A  +  eA, , 
with 

A  u  =  iL^-f^   u 

where  s(x,y,z)  is  a  continuous  bounded  function  in  D,  and 

|s(x,y,z)  <  Sq   in  D   . 


Can  we  expect  the  eigenvalue  equation 


lii.8. 
to  have   point   eigenvalues  which  are   poiirer   series   in   e?      First 

« 

we  observe  that  A(e)  =  A  +  eA,  in  JD   is  not  essentially  self- 
adjoint.   Does  it  have  a  Priedrichs  extension?   This  will  be 
the  case  if  A(e)  in  Ju    is  bounded  below.   For  u  in  dJ  \je   have 

-Ojul^dT;  <  __2  J   l/^ul^dT  =  -^(U,A^U)  . 

D  ^  D 

Hence 

I63^|e| 
(u,  A(e)u)  >  (u,A^u) 2 (u,AqU) 

and  consequently  A(e)  on  JO  is  bounded  below  f or  |s|  <  ^^ — 
and  so  has  a  Priedrichs  extension.  Now  our  question  malces  ° 
sense;  Does  this  extension  have  point  eigenvalues  which  are 
power  series  in  e? 

The  answer  is  yes,  because  this  essentially  self -ad joint 

extension  of  A(e)  in  «0  is  regular.   This  follows  immediately 
from  the  following 

Criterion  U-,      Suppose  that  A  ,A,  ,Ap,...  are  Hermitian  operators 

on  a  subspace  J^  ,      Suppose  that  A  u  +  eA,  u+...  =  A(e)u 

converges  for  each  u  in  ^0 •   Suppose  that  A  on  cD  is  bounded 

below,  and  that  there  exist  three  non-negative  constants  p,  a, 
b  such  that 

|(u,A^u)|  <  p^"^(a(u,u)  +b(u,A^jU))      v  =  1,2,... 

holds  for  all  u  in  JU  .   Then  for  real  s  near  e  =  0  the  operator 

A(e)  in  oo'  is  bounded  below  and  its  Priedrichs  extension  is 

regular. 

In  our  example  vie   have  Ap  =  0,  A-  =  0,...,  and  we  can 

16s  ^ 

choose  p  =  Oj,  a  =  0^  b  =  — ^ —  • 


li|9. 

We  indicate  the  proof  of  this  criterion.   The  bounded 

below  form  (v,A  u)  on  J3   has  a  closure  A  (v,u)  on   j*  ^  yp 
From  the  inequalities  it  follows  that  trivial  extensions 


A  (v,u)  on  j^  of  the  form  (v,A  u)  on  ^   exist.   For  small 

CO  ^ 

|el  we  have  A  (v,u)  =  )   e  A  (v,u)  for  u,v  in  y   .   Now  the 
^        v=0    ^ 

the  statements  of  Criterion  [\.   are  contained  in  Rellich  [\\] 
Satz  3. 

If  one  compares  Criterion  I4.  with  Criterion  3  (page  10^), 

one  might  be  led  to  ask  the  following.   Suppose  that  A  on  61 

and  S  on  <7t  are  positive,  Hermitian  operators,  i.e, 

(u,Au)  >  O5  {u,Su)  >  0  for  u  in  .^  .   We  then  ask:   Does  the 

inequality  (u,Su)  <  (u,Au)  in  C^i    imply  the  inequality 

(Su, Su)  <  (Au, Au)?   The  ans^^rer  is  no,  even  in  the  case  of  a 

finite  dimensional  Hilbert  space.   It  is  well  known  that  from 

S  <  A  for  -Dositive-definite  Hermitian  matrices  one  cannot 

2    2 
conclude  S  <  A  . 

We   ask  further:      Does    (Su,Su)   <    (Au,Au)   in    01    imply 

(u, Su)   <    (u,Au)    in    ^  ?      The   ansv;er  is  yes  provided  we  make   the 

additional   assumption  tjiat  A  on     oT    is  essentially  self -ad  joint . 
This  was  proved  by  E.    Heinz  .  If  we   do  not  malce   this 

additional   assumption,    the   answer   is  no.      This  can  be    seen  from 

the   example   Au  =  -u"   on    01  ,    where    0(    is   the    set   of   functions 
u  with  u,    u',    u"   continuous   inO<x<oo,    u^O  near  x  =  0 
and  X  =  CO  ,    and  Su  =  p  x     vl  xn  Ot   »      As  we   have    shown  in  §7, 

we  have    (Su.Su)   <    (Au,Au).      But    (u,Su)    <    (u,Au)   for  u  in    ^ 
would  mean 

00  00 


0 
whereas 


^    f     x-2|u|2dx  <     r    lu'l^dx 


^      I- 


.  "r 
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CD 


i 


lu'l^dx 


inf 
u  in  fn 


0  -   1 


^*o      r     -2,    ,2^ 

X       u       dx 


ilO,    Are    the   perturbed  eigenfunctlons   coinplete? 

Suppose   that  A(e)   in     ^(r)   is   a  regular  operator,    i^rhich 
for   e=0  has   a  diacrete    spectrum  X,,Ap, ...    with  orthonormal   and 

coraplete   eigeneleiuents   ^i^tp'***    *      ^'^^  know  that   to  each  X   , 
(j)     there   exist  power   series 


ct.^(£)    =   <^^^^C^  ■^"' 


which  converge  for  |e|  sr.iall  enough.   Ue  ask:   Are  the  eigen- 
elements  4  (e)  complete  for  small  |e|  7^  0?   This  question  is 
not  well  posed.   It  might  happen  that  the  convergence  radius 
of  (jij^le)  tends  to  zero  .a-s- n  — >- oc^.   In  that  case  it  would  not 
make  sense  to  talk  of  the  ^^rhole  set  cj)-,  (e  )j<|)p(  e ),  . . .  ror  a- 
fixed  z  ^  0,    even  if  |e|  is  small.   Therefore  we  shall  assume 
that  the  (j'n^^^  ^^  well  as  the  X„(e)  can  all  be  defined  by 
analytic  continuation  in  a  fixed  interval  -  JP  <   e  <    t>  ,      Are 
then  the  elements  ct»i  ( &)  )^p{&) ,  >  •  •  >    all  defined  in  -  P  <  e  <  D  , 
a  complete  set  of  eigeneleraents? 

In  spite  of  the  fact  that  A(e)  on  <7t(e)  is  supposed  to 
be  regular,  the  ans^^7er  is  no! 

Consider  the  Hilbert  space 


j^ :      r  if(x)|2dx  <  CO  ,    (g,f)  =  r 


1 

g  f  dx 
0 


and  the   sub space 


r' 
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01  {e):        1,  u,  u',  u"  continuous  In  0  <  x  <  1 
2.   u(0)  =  0,   eu'(l)  +u(l)  =  0   . 


As  we  know  (page  103)  \<ie   have  for  A(e)u  =  -u"  on  6T(£) 
1 
A"^(e)f  =  jG(x,y;e)f(y)dy  ;  G(x,y;e)  =  |(x+y)  -|lx-y|-Y+^  , 


for  all  continuous  f;  hence  A(e)  in  Ot  {e)   is   regular.  We 

construct  the  spectrum  of  A(e)  on  OX{z)   which  consists  of 
point  eigenvalues  only.  We  restrict  ourselves  to  -1  <  e  <  1; 

then  X  =  0  is  not  an  eigenvalue.   If  X  is  a  positive  eigenvalue 

there  exists  a  function  u(x)  'S^  0  in  OX  {e)    such  that  -u"  =  Xu, 

u(x)  =  a  sin  (A  x),  tan  Jx   =  -e^/X 


Graphs  of  y  =  tan  /\  and  y  =  -e/X 


'  .'■ 
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2  2 
If  e  -  0,  we  have  the  iznperturbed  eigenvalues  X  =  n.  tr  , 

n  =  1,2,...,  and  the  normalized  eigenfunctions  (b  =  /2"  sin  ntrx. 

,  2 

If  e  f  0  we  get  X^  =  v  (s)  x^rith  the  (non-normalized)  eigen- 

fimctions  <|'j^(e)  =  ^2  sin  v^(£)x.   If  e  >  0,  then  the  eigen- 
functions are  complete  because  in  this  case  there  is  no 
negative  eigenvalue  X  for  such  an  eigenvalue  X  should  be  a 
solution  of  the  equation  tanh  «/-X  =  -e/-X 


y  =  -ei/-Xj^  e<0 


y  =  -ei/-A,   e>0 


Graphs  of  y  =  tanh  /-X  and.   y  =  -e/-X 


which  has  no  solution  X  7^  0  if  e  >  0.   But  if  e  <  0  we  have 
exactly  one  solution  X*^(e)  =  -v  ( e )  7^0ifO<e<l.   To  this 
X""  belongs  the  (non-normalized)  eigenelement 
(j),,(x)  =  sinh   (v(£)x).   The  eigenf\inctions 

<j>j^(e)  =  "Jz    sin  (v  (e)x)  are  not  complete  for  0  <  e  <  1,  and 
the  eigenvalue  X-"-(e)  which  happens  to  be  the  lowest  eigenvalue 
of  A(e)  in  Ot{z)   is  not  a  convergent  pov/er  series  near  e  =  0. 


■w 
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We  are  interested  in  conditions  which  guarantee  the 
completeness  of  the  perturbed  eigenelements.  We  first  present 

Definition  of  a  regular  discrete  spectrum .   Let  A(e )  on  <^^  (  s) 

be  a  Hermitian  operator  for  /*,  <  e  <  Pp«   We  say  it  has  a 

regular  discrete  spectrum  in  this  interval  if  functions 

X-,  (  e  ),  Ap(e  ), . . .,  and  elements  ([)-,  (e  ),  (j)^(  e),  . . .  of  (fX(£)  exist, 

all  regular  in  a  neighborhood  of  every  e  of  this  interval, 
such  that  for  every  e  of /"^  <  e  <^2  *^®  following  holds: 

(1)  A(e)cj)^(e)  =  X^(e)(j)^(e)  ,   n  =  l,2,... 


(2)  (j),  (  £  ) ,  (|)2(  e  ),  . . .  is  a  complete  orthonormal  system 

(3)  lim  U  (e)l  =  00  . 
n — >oo 

If  A(e)  on  c^ ( e )  has  a  regular  discrete  spectrum,  this 
does  not  mean  that  all  eigenvalues  of  the  operator  must  be 
regular  analytic  functions  of  e  .    Of  course,  one 
can  arrange  the  spectrum  in  such  a  way  that  one  obtains  non- 
regular  eigenvalues.   If  the  ^j^(£)^  n  =  1,2,..»  are  bounded 

below,  then  n,(e)  =    Min     ^n^^^  ^^  "^^  general  not  a 

xl^X  f  c.  j  ji  ^   •  •  • 

regular  function  of  e  near  e  =  0.   But  [j,(e)  is  an  eigenvalue, 

i.e.  an  element  \K  e )  ^   0  on  ^(e)  exists  with 

A(e)\l;(£)  =  tj,(  s)il;(e) .   Thus  [a(e)  need  not  be  one  of  the 

A.- ( e  ),Xp(  e  ),  . . .  in  J>-.    <   e  <  fp*      But  if  we  make  the  additional 

assumption,  that  ^.(e)  is  regular  in  a  neighborhood  of  every 

e  of  the  closed  interval   R,-5  5.  ^  ^   Po''"^  where 

fi,    <  p  -6    <    jO  +6  <  J^p'    ^^^^   °^®  ^^^  prove  that  \i,{e)   must 
coincide  ii/ith  one  of  the  functions  X^{e)  ,X^{£) ,  , . ,   in  the 
whole  interval  |e-  p  I  <  5.   This  folloi-;s  from  the  fact  that 
the  points  of  this  interval  are  not  denxiinerable.   Indeed,  for 
each  e'  of  the  interval,  ij,(e' )  must  be  one  of  the  numbers 


Xj^ie*  )  ,\p{e^  ) ,  , . .    ,      If  ij,(e)  would  coincide  in  I  e  -  Pq  I  <  5 
with  each  of  the  functions  X-,  ( e  ),X2(  s)>  •  •  •  only  for  a  finite 
set  of  points  e',  then  the  interval  |e-  p  |  <  5  would  consist 
only  of  a  denumerable  set  of  points,  which  is  not  the  case. 
Thus  ix(e)  "  X.(e)  for  infinitely  many  points  e  of  the  interval 

J 

l^~Pol  £  ^»   Since  ii(e)  and  X.(e)  are  analytic  fiinctions,  we 
have  n,(e)EX^(e). 
One  can  prove 

Theorem  1«   For  real  e  near  s  =  0  let  A(£)  be  a  Hermitian 
operator  on  a  subspace  ^  which  is  independent  of  e»   Suppose 

that  A(£)u  is  a  regular  element  for  every  Vl  of    01     and  small 

|g|.   Suppose  that  A(Q)  on  (K    is  hypermaximal  and  has  a 
discrete  spectrum.   Then  A(e)  has  a  regular  discrete  spectrum 
near  s  =  0. 

The  proof  of  this  theorem  can  be  derived  from  the  following 
theorem  about  completely  continuous  operators: 

Theorem  2.   Let  R  ,R,,...  be  bounded  Hermitian  operators  in  a 
(Infinite  dimensional)  Hilbert  space  j^  •   Suppose  that  R  is 


completely 

continuous  and  that  there 

exi 

sts 

a  constant  k  >  0 

such  that 

«n" 

Ik"  ^O 

u  ,  n  =  1,2, 

•  •  « 

• 

Then 

the  following 

statements 

hold: 

R(e)  = 

Rq  +  eR^+  e^R 

2^ 

« .  • 

is  a 

Hermitian, 

bounded  operator 

in  f?. 

regular  in  - 

1 

■  k 

<  e 

<!• 

In 

-  pT-  <  e  <  prr  »  the  functions  X^(  e  ),Xp(  e),  ♦ . ,  and  the  elements 
<)>-](  e),  ({>p(  £),.•  •  are  all  convergent  power  series  in  neighbor- 
hoods of  each  e  of  this  interval  such  that  for  -  -^  <  e  <  -^ 
the  following  is  true; 

(1)  R(e)(|)^(e)  =  \^(e)(j)^(e),  n  =  1,2,... 
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(2)  (j),  (  e  ) ,  (j)^(  e  ) ,  . . ,    is   an  orthoiiormal   complete    system 

(3)  lira   U   (e) 1=0. 
n— >oo 

Every  ^^.^^^   is  either  different  from  zero  or  identically  zero, 
and  those  (f^^Ce)  which  belong  to  the  identically-zero 


eip;envalue3  are  independent  of  e  • 

In  the  case  that  one  knows   (u,R  u)  >  0  for  all  u  ia  pp 
one  can  prove 

Theorem  3«   Let  R  ,R-,,...  be  bo\inded  Hermitian  operators  in  an 

infinite  dimensional  Hilbert  space  y^   .   Suppose  that  R^  is 
completely  continuous  and  that  there  exists  a  constant  k  >  0 

such  that  |(u,R^u)i  <  k^(u,R^u).   Then  for  R(e)  =  R^ +  eR^ +  . . . 

the  conclusions  of  Theorem  2  hold . 

Remarks*   Obviously  the  infinitely  many  conditions 

IIr^uII  <  k^^llR^ulI,  n  =  1,2,  ...,  of  Theorem  1  or 

l(u,R^u)l  <  k^(u,R^u)  of  Theorem  2  can  be  replaced  by  the 
conditions: 

(1)  R(e)  =  R  +  eR-,  +  ...  is  a  bounded  regular  operator  for 
complex  e  with  |e|  <  p  ,    Heriiiitian  for  real  e. 

(2)  For  all  complex  e  with  |e|  < ^P  there  exists  a  constant 

M  such  that   |1r(£)u||<  H||RqX||  or  |(u,R(e)u)|  <  M(u,RqU). 

1 
If  R(s)  Is  an  integral  operator,  R(e)u  =  \   K(x,y§;e  )u{y)dy 

"0 
and  K(x,y;s)  is  a  power  series  in  e  converging  uniformly  for 

all  x,y  of  the  interval  0  <  x,y  <  1  and  K(x,y;e)  =  K(y,xje) 

for  real  e  then  our  two  conditions  become 


0 


r  K(x,y;e)u(y)dy 


0 


i 


dx  <  M^  1    j  K(x,y;0)u(y)dy 
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and 


11  

I      r  K(x,y;e)u(x)u("y)dxdy 


0   ^0 


1     1  

<  M    r     r  K(x,y;0)u(x)u(y)dxdy 


respectively. 

Take    as   an  exaraple   the  kernel 

K(x,y;e)    =  |(x+y)  -||x-y|  -^  xy,    0  <  x,y  <  1  which  was 

Green's   fxmction  of  the   problem  -u"   =  Xu,    u(0)    =  0, 
u'(l)  +eu(l)   =  0. 
We   obtain 

1     1  1  1      _ 

I  =     r     rK(x,y;0)u(x)u(y)dy  =  2  Re     [     dx  u(x)    j     xu(y)dy     , 

1 
and  introducing    \     u(y)dy  =  v(x),    we   find 

^x 

I  =  2  Re  r  dx(-v'(x))  f  xu(y)dy  =  2  Re  I  v(x)xu(x)dx 
=-  r  x(v(x)v'(x)  +v(x)v'(x))dx  =  j  lv(x)|^dx   . 


On  the  other  hand  we  have 


1   1 


1  K(x,y;e)u(x)u(y)  dxdy 
'^0  '0 


1  1 


I  ijl  -^^  u(x)u(y)dxdy 


0  "0 


+  1 


-  1-q 


j  xu(x)dx 


dx  +  l 


if   e   is   a  complex  nuraber  and    le|    <  q  <   1.      Prom 
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I 


xu(::)dx 


1  X  v' (x)dx 


0 


v(x)dx 


X 

<  f'  |v(x)l^dx  =  I, 


we  obtain 
1  1 


(   r  K(x,y;e)u(x)u(y)dxdy 


0  '0 


1   1 
,'1 


<  (iTq  +  l)  J    K(x,y;0)u(x)u(y)dxd7, 


0   0 


which  is  exactly  the  inequality  |(u,R(e)u)|  <  M(u,R(0)u)  with 
M  =  YTJ  "^  ■'^  valid  for  all  complex  e  with  jel  <  q. 

2 
Proof  of  Theorem  2.   The  operator  R(e)  =  R^  +  eR-|_  +  s  Rp  +  . . . 

can  be  defined  for  complex  e  with  |e|  <  t-  and 

||R(e)u||  <  llR^ull:^ — ]—r--   ,  thus 
°   1  -  I  e  1  k 

||R(e)u|I  <  2||Rqu!1   if   Ul  <  ^   . 


In  the  following  we  denote  by  q,,  q  two  fixed  numbers  with 
0  <  q-|<  q  <  pT:  •   From 


R 


.,)  _  _i_     f    m. 


f  dt  , 


it   follovjs   that 


R'(e)   = 


2Tri 


-ML)     dt 


t  = 


2k 


if    Ul    <  q]_'      Hence      ||R'(e)u|l  <  c||RquI|     if    |e|    <  q-j_.      From 
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I|R(e)ul|  >  llR^ull-llR^ull   (  |e  Ik  +  U  l^k^  +  . . .  ) 


where  p  >  0  is  a  constant.   Thus  we  have 

||R'(e)ull  <  C'11R(s)u|1   for  I  e  |  <  q]^ 

From  ||R(e)u||<  sHr^uH  in  |el  <  q-j^  follows  that  R(e)  is 
completely  continuous  for  |el  <  q-,.   Thus  for  e  of  the  interval 
-q-,  <  £  <  qn  the  operator  has  a  pure  point  spectrum  and  each 
eigenelement  of  R(e)  bQlonging  to  the  eigenvalue  A  =  0  is  an 
eigenvalue  of  R(e)  with  the  eigenvalue  X  -  0  and  \'ice  versa. 

Let  X(e)  be  an  eigenvalue,  regular  analytic  in  the 
neighborhood  of  every  e  of  the  interval  f-.    <   e  <  Po'    ^1"^©^® 
-q-.  <  p,  <  Op  <  q  .   Let  £  =  Y^  be  a  point  of  the  interval 

j:i^  <   z  <  p^   with  X(y^)  7^  0.   Let  cj)(e)  be  a.  normalized  eigenelement 
belonging' to  >,(  e ),  r'egular  in  a  neighborhood  of  e  =  v|  ,  Prom 
R(V|)(})(v^)  =  X(V[)(j)(V))  we  have  U(Y|)|<  2C  if  I|RqU||  <  c||u||.  Prom 

^•(y\)  =  (c|>(Y|),R'(r()c|'(n))  we  get  lX'(ri)|  <  C  •||r(y])<1)(  r|)l|  thus 
U«(k^)|  <  c't\(v^)|. 

Now  let  us  start  with  an  eigenelement  X  ^   0  of  RCEq) 
-q-,  <  e   <  q,  .  We  know  that  in  a  neighborhood  of  e  =  e   a 
regular  eigen-value  X(s)  of  R{e)  exists.  ¥e  want  to  shox^f  that 
X(e)  has  an  anal3'"tic  continuation  over  -q^  <  ^  5  Qt 
and  that  X(e)  ^   0  in  -q,  <  g  <  q...   Otherwise  a  0  exists  (we 
may  assume  9  >  e  )  such  that  X(e)  is  regular  and  7^  0  in 
^o  —  ^  *^  ®  vjhereas    x(s)  either  is  not  regular  at  e  or 
vanishes  for  9=0,   Since  |x(e)|  <  2C,  we  have  two  cases: 

1)  a  sequence  e  exists,  £(-,<£„<  ^,      liifi  e  ~  ©>  a^d 
^  n — >co  '^ 

lira  ^(Sj.)  =  iJ.  7^  0,  or  2)   X(e)  — >  0  for  e  — >  9,  Eq  <  e  <  8. 
n— >0D 
In  the  first  case  X(e)  can  be  continued  analytically  over  e  =  9 
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because   of   our  general  theorem  about  eigenvalues   of  finite 
multiplicity.      The    second  case   is   impossible.      Prom 

|X' (e)  I    <  C  U(>1)  I    and     lim     X(  e  )  =  0  it   follows   that   X(e)  =  0  for 

e..— 5»  9 

e     <  e  <  9  in  a  well-knox^^l  way. 

Thus  all  the  eigenvalues  X(e)  /^  0  for  e  =  0  can  be 
continued  over  the  whole  interval  qn  <  £  <  Qg  ^^ithout  vanishing. 
One  can  construct  eigenelements  ^{e)   belonging  to  each  of  these 
X(e).   Add  to  these  ^{z)    a  complete  set  of  eigenelements  of  the 
eigenvalue  X  =  0  of  R^, which  does-  not  depend  on  e.   Call  <|>^(e)  , 

n  =  1,2,...  all  together.   Obviously  X  (e)  and  ^    (s), 

1      ^1 
n  =  1,2,...  are  regular  in  "  pk  "^  ^  '^  "oU*      ^''®  have  to  show  the 

completeness  of  the  (l>--(e)  for  an  arbitrary  point  e  with 

11 

-  pit  <  £„  <  oTr  •   If  they  were  not  complete  a  ^  7^  0  would 

exist  with  R(e  )\1;  =  \i^   and  ^   orthogonal  to  all  <j)  (s), 

n  =  1,2,  ...  •   Obviously  |-l  7^  0.   Construct  an  eigenelement 

regular  analytic  together  with  its  eigenvalue,  which  becomes  [i 

for  e  =  e^.   This  can  be  continued  over  -  -tt-  <  e  <  -j^^  ,  call 
o  2k    o   2k  ' 

it  11(8).   To  this  [i-(e)  we  construct  an  eigenelement  ij/Ce), 
IU(e)ll  =  1>  regular  analytic  at  each  point  of  the  interval 

-  pv-  <  e  <  ^  .   (To  see  that  this  is  possible,  see  Rellich  [$]> 
page  I1.67 . )   Obviously  IJ-CSq)  raust  coincide  with  one  of  the 
numbers  ^v,^^o^»  n  =  1,2,  ...  •   Let  us  assume 

[lit)   =  X^(e)  =  X2(e)  i;  ...  =Xg(e),  but  X^  ( e )  ^  X^  ( e )  if  r  >  s . 

s  ^ 
Then  ^{z)   =   >   (cj)^  (e  ),  t  (e  )  )(1'^  (s  )  first  in  a  neighborhood  of 
i=l   "         ^ 

e  =  0,  then  in  -  pT-  <  e  <  pT-  and  therefore 

s 
^(Sq)  =  JII  («l'g(eQ),>KeQ))<t)j_(eQ).  But  ^{z^)   is  orthogonal  to 

all  <t'n^^o^  thus  we  have  the  contradiction  \l'(eQ)  =  0  and 

ll^(s  )1|  =  1.   This  proves  the  theorem. 

Theorem  3  can  be  proved  similarly,  and  Theorem  1  is  a 
consequence  of  Theorem  2  (see  Rellich  [5  ])• 
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Appendix 
(Proof  of  Lernma  on  page  ^0) 

Lermia :   Suppose  that  F(x,y)  is  a  convergent  power  series  with 
real  coefficients  in  some  neln;hborhood  of  x  =  y  =  0,  and 
suppose  that  F(::,y)  >  0  for  real  x,y.  in  that  neighborhood. 

Then  there  exist  two  convergent  power  series  G(x,y)  and  H(x,y) 
with  real  coefficients  such  that  in  some  neighborhood  of 
X  =  y  ==  0, 

P(x,y)  =  [G(x,y)]^  +  [II(x,y)]^   . 


Proof,   'i/eierstrass  •  preparation  theorem  asserts  that,  except 
for  the  trivial  case  P  H  0^  after  a  real  linear  homogeneous 
transformation,  the  function  P  can  be  written  in  the  form  EF-, , 
vxhere  the  function  E  is  regular  near  the  origin  and  E(0,0)  ^  0 
and  P-,  is  a  polynomial  of  the  form 

v-1 


w 


ith  coefficients  f^Cx)  which  are  regular  functions  near  x  =  0 
and  fy(0)  =  0.   Any  proof  of  the  preparation  theorem 
demonstrates  at  the  same  time  that  E  and  f  are  real  in  the 
real  case.   If  we  put  x  =  0  and  consider  small  positive  values 
of  y,  then  we  observe  that  necessarily  E(0,0)  is  positive; 
and  if  we  consider  small  negative  values  of  y,  then  we  can 
conclude  that  n  is  an  even  integer,  say  n  =  2ra.   We  claim  that 
P  is  the  product  of  two  conjugate  factors  K  =  G  + IH  and 

K  =  G  -  iH.   (K  denotes  the  power  series  whose  coefficients  are 
the  complex  conjugates  of  those  of  K;  thus  e.g. 


K(x,y)  =  K(x,y).)   To  prove  this  assertion  it  is  enough  to 
prove  that  P,  can  be  written  as  the  product  of  two  conjugate 
factors,  because  if  P-^  =  KK  then  P  =k/e«KJe",  and  /e  is 
regular  and  real  near  the  origin  (for  E  is  regular  and  positive 
for  real  values  of  x  and  y  near  the  origin). 


161. 


Now  a  polynomial   of  the    form   (1)    can  be   factored  into 
prime   factors   of  the   saane   form  in  a  unique   way.      If  two   of 
these  prime  factors   are    conjugates — they  may  even  coincide   in 
which  case  P,    wou].d  have   a  real   double  prime   factor--then 

F,    =   PPPp;    and  if  Pp  =  Q,Q     is  the   product   of  two  conjugate 
factors,    then   so   is  F-,    =  PQ»PQ.      Now  factorization  into   a 
pair  of  conjugate   prime   factors  preserves  the  property  of  P^^; 
namely,    each  factor  is   real   and  non-negative   for  real   values 
of  the  variables.      Therefore  to  prove   our   claim  it    suffices 
to  prove  it  in  the  case   that  P,    has  no  pair  of  conjugate  prime 

factors.      Since   P,    =  P-.,    if   P  is   a  prime   factor  of  P,    then  so 
is  "F;    and  consequently   P  =  P  is   real.      Thus  we   need  only 
consider  the   case  ^^^here   the  prime   factors   of  P,    are   all   real 
and  distinct.      But   as  we    shall   immediately  establish,    this 
case   can  occur,    under  the   assumptions  of  the   problem,    only  in 
a  trivial  manner,    i,e»   where  P-,    =  1. 

We    shall    show  that   a  product   of  distinct   real  prime 
factors   changes   sign  in  every  real  neighborhood  of  the   origin. 
In  a  deleted  neighborhood  of   the   origin,    the   zeros  of  any  prime 
factor  are   simple    and   different  from  those   of  any  other  prime 
factor.      Hence   if  we  find  a   real   zero   of   a  rDrime   factor 
arbitrarily  near  the   origin,    then  at   that  point   the  product 
must   change   sign.      The   zeros   of  a  prime   factor  P(x,y)   of  the 
form  (1)    can  be   represented  as  follows: 

Hf,y)  =TT  [(y-(f(e  "     g)] 

•'  v=0 


where   ^{^)    is  regular  near  §'=0   and  ^(0)   =  0.      Since   P  is  real, 

for    £    real  we  have 

n:^  2TTi^  n-1  __    .2Tri^ 

II   [y-4(e  ""       !)]  =  TT  [y-<l>(e    ^     I)]     ; 

v=0  v=0 

and  consequently 


162. 


for  some  k  with  0  <  k  <  n-1,  and  hence 


If  WG  put 


I^k 

I'd)  =  4(e''   5  )    » 


then  we  have 


^K^;)  =  ^Ke) 


for  5  ^eal.   Now 

n;:;!       .Srrl^        n:0.      !rl(2v+k) 

(T  [y-^(e  "    I)]  =   II   [y-cj.'^       1)3 
v=0  v=0 

=  P((e-^  's)^7) 

=  P((-l)^C^,y  )   . 

Therefore  for  sufficiently  small  real  ^  the  pair  of  values 
{{-1)^?,^  ,^{z))    is  a  real  zero  lying  arbitrarily  near  the 
origin. 

This  completes  the  proof. 


163. 
Bibliography 

Courant,  R.  and  D.  Hilbert,  Methods  of  Mathematical  Physics, 
vol.  I,  New  York,  1953- 

Priedrichs,  K-  O.  [1],  Uber  die  Spektralzerlegung  eines 

Integraloperatoren,  Math.  Ann.,  vol.  115 
(1938),  pp.  2I4.9-272. 

[2],  On  the  pertiorbation  of  continuous 

spectra,  Comm.  on  Applied  Math.,  vol.  1 
(19i|8),  pp.  36I-U06. 

Halmos,  P.  R.,  Introduction  to  Hilbert  Space  and  the  Theory 
of  Spectral  Multiplicity,  New  York,  1951. 

Heinz,  E.,  BeitrSge  zur  Stbrungstheorie  der  Spektralzerlegung, 
Math.  Ann.,  vol.  123  (1951),  PP.  kl^-k3Q' 

Kato,  T.  [1],  On  the  convergence  of  the  perturbation  method. 

I.  Prog,  of  Theoret.  Phys.,  vol.  1;  (I9I4.9), 
pp.  5it;-523. 

II.  Prog,  of  Theoret.  Phys.,  vol.  5  (I950), 

pp.  95-101,  207-212. 

[2],  On  the  convergence  of  the  perturbation  method, 

Journ.  Faculty  Sci.,  Tokyo,  vol.  6  (1951), 
pp.  ll;5-226. 

[3],  On  the  existence  of  the  solutions  of  the  helium 

wave  equation.  Trans.  Amer.  Math.  Soc,  vol.  70 
(I95I),  pp.  212-218. 

[U-] ,    Fundamental  properties  of  Hamlltonian  operators 

of  Schr6dinger  type.  Trans.  Amer.  Math.  Soc, 
vol.  70  (I951),  pp.  195-211. 

Kneser,  H.,  LB sung  der  Aufgabe  267,  Jber .  Deutschen  Math. 
Verein.,  vol.  50  (19i;0),  pp.  29-31. 

Moser,  J.,  StBrungstheorie  des  kontinuierlichen  Spektrums 

f\ir  gewbhnliche  Differ entialgleichungen  zweiter  Ordnung, 
Math.  Ann.,  vol.  125  (1953),  PP-  366-393- 

Sz.-Nagy,  B.,  [1],  Spektraldarstellung  Linearer 

Transformationen  des  Hilbertschen  Raumes, 
Berlin,  191^2, 

[2],  Perturbations  des  transformations  auto- 

adjointes  dan  I'espace  de  Hilbert, 
Commentarii  Math.  Helv.,  vol.  I9  (19l;7), 
pp.  3I4.7-366. 


161^. 

[3]»  Perturbations  des  transformations  lineaires 

fermees,  Acta  Sci.  Math.  Szeged,  vol.  II4. 
(I951),  pp.  125-137. 

Phillips,  R.  S.,  Perturbation  theory  for  semi-groups  of  linear 
operators.  Trans.  Amer.  Math.  Soc,  vol.  7I4.  (1953), 
pp.  199-221. 

Rellich,  P.,  [1,2, 3,14., 5] ,  Stbrungstheorie  der  Spectralzerlegung, 

I.  Math.  Ann.,  vol.  II3  (I936),  pp.  6OO-6I9 . 

II.  Math.  Ann.,  vol.  II3  (1936),  pp.  677-685. 

III.  Math.  Ann.,  vol.  II6  (1939),  pp.  555-570. 

IV.  Math.  Ann.,  vol.  11?  (l^l^O)  ,   pp.  356-382. 

V.  Math.  Ann.,  vol.  II8  (19ij-2),  pp.  [^62-l4.8I^.. 


[6],  Aufgabe  26?,  Jber.  Deutschen  Math.  Verein., 

vol.  kQ   (I938). 

[7],   Stbrungstheorie  der  Spektralzerlegung,  Proc. 

of  the  International  Congress  of 
Mathematicians  (in  Cambridge,  Mass.,  U.  S.  A 
1950),  vol.  pp.  6O6-613. 

[ 8 ] ,  Eigenwertheorie  partieller  Dif ferential- 

gleichungen.  Lecture  notes,  Gbttingen, 
Part  I,  1952/53  and  Part  II,  1953- 

Riesz,  P.  and  B.  Sz.-Nagy,  Lecons  d' Analyse  Ponctionelle, 
Budapest,  1952. 

Schrbder,  J.,  FehlerabschSltungen  zizr  Stbrimgsechnung  bel 
linear en  Eigenwertproblemen  mit  Operator en  eines 
Hilbertschen  Ra-umes,  Math.  Nachr.,  vol.  10  (1953)> 
pp.  113-128. 

Stone,  M.  H.,  Linear  Transformations  in  Hilbert  Space, 
New  York,  1932. 

Titchmarsh,  E.  C,  Some  theorems  on  perturbation  theory, 
Proc.  Roy.  Soc.  London,  Ser.  A,  vol.  200  (19i;9), 
pp.  3U-U6,  vol.  201  (I950),  pp.  [{.73-i|-79. 

Wolf,  P.,  Analytic  perturbation  of  operators  in  Banach  spaces. 
Math.  Ann.,  vol.  121^.  (1952),  pp.  317-333. 


DISTRIBUTION  LIST 


165. 


Office  of  Ordnance  Research 
Box  CH,  Duke  Station 
Durham,  North  Carolina 

Office,    Chief   of   Ordnance 
Washington  2$,   D.    C 
Attn:      ORDTB-PS 

Commanding  General 

White  sands  Proving  Ground 

Las  Cruces,  New  Mexico 

Office  of  Naval  Research 
V/ashington  25,  D.  C. 
Attn:   Mathematics  Branch 

Commanding  General 

Aberdeen  Proving  Ground,  Maryland 

Attn:   BRL 


10) 


1) 


1) 


1) 


2) 


Commanding  General  (  1) 

Redstone  Arsenal 
Hunstville,  Alabama 

Commanding  Officer  (  1) 

Rock  Island  Arsenal 
Rock  Island,  Illinois 

Commanding  General  (  1) 

Research  and  Engineering  command 
Army  Chemical  Center,  Maryland 

Chief,  Ordnance  Development  Division   (  1) 
National  Bureau  of  Standards 
Washington  25,  D.  C 

Commanding  Officer  (  1) 

Water  town  Arsenal 
Vlatertown  72,  Mass. 

Technical  Reports  Library  (  1) 

SCEL,  Evans  Signal  Corps  Lab. 
Belmar,  New  Jersey 

Commanding  Officer  (  1) 

Engineer  Res.  and  Dev.  Laboratories 
Fort  Bilvolr,  Virginia 

Commander  (  1) 

U.S.  Naval  Proving  Ground 
Dahlgren,  Virginia 


166. 


chief,  Bureau  of  Ordnance  (AD3)      (  1) 
Department  of  '  the  llavy 
IJashington  2.$ ,    D.  C 

U.  S.  Ilaval  Ordnance  Laboratory      (  1) 
I\ihlte  Oak,  Silver  Spring  19,  Kd. 
Attn:   Library  Division 

Director  (  1) 

national  Bureau  of  Standards 
Washington  25,  D.  C 

corona  Laboratories  {  1) 

National  Bureau  of  Standards 
Corona,  California 

Commanding  Officer  (  1) 

Frankford  Arsenal 
Bridesburg  Station 
Philadelphia  37,  Penna 

Technical  Information  Service        (  1) 

P.O.  Box  62 

Oak  Ridge,  Tennessee 

Attn:   Reference  Branch 

Conriianding  Officer  (  1) 

Signal  Corps  Engineering  Lab. 
Port  Ilonraouth,  New  Jersey 
Attn:   Director  of  Research 

The  Director  (  1) 

Naval  Research  Laboratory 
Washington  25,  D.  C 
Attn:   Code  2oa 

Jet  Propulsion  Laboratory  (  1) 

California  Institute  of  Technology 
I4.800  Oak  Grove  Drive 
Pasadena  3,  California 

Chief,  New  York  Ordnance  District    (  2) 
180  Varick  Street 
New  York  \\\,    N.  Y. 

Director,  Applied  Physics  Lab.       (  1) 
Johns  Hopkins  University 
8621  Georgia  Avenue 
Silver  Spring  19,  Maryland 

Comraan..ing  General  (  1) 

Air  University 

Maxwell  Air  Force  Base,  Alabama 

Attn:   Air  University  Library 


167. 


Canadian  Joint  Staff  (  1) 

1700  Ilassachusetts  Ave.  N.W. 
VJashington  6,  D.  C. 
THRU:   ORDGU-SE 

Coimnanding  General  (  1) 

Air  Res.  and  Dev.  Command 
F.O.  Box  1395 
Baltimore  3>  Maryland 
Attn:  RDD 

commanding  General  (  l) 

Air  Res.  and  Dev.  Comraand 
P.O.  Box  1395 
Baltimore  3>  Maryland 
Attn:   RDR 

Armed  Services  Tech.  Info.  Agency       (  5) 
Docunent  Service  Center 
Knott  Building 
Dayton  2,  Ohio 
Attn:   DSC-SD 

Commander  (  1) 

U.S.  Maval  Ord .  Test  Station,  Inyokern 
China  Lake,  California 
Attn:   Technical  Library 

U.  S.  Atomic  Energy  Commission         (  1) 

Document  Library 

19th  and  Constitution  Ave. 

Washington  25,  D.  C. 

commanding  General  (  2.) 

Air  Material  Command 
Wright-Patterson  Air  Force  Pase 
Dayton  2,  Ohio 

Attn:   F.  N.  Budd,  Chief  Scientist 
Flight  Research  Lab. 

Office  of  the  Chief  Signal  Officer      (  l) 
Engineering  and  Technical  Division 
Engineering  Control  Branch 
Room  2B273,  Pentagon  Building 
'•/ashing ton  2$,    D.  C 
Attn:   SIGGD 

NAC  for  Aeronautics  (  1) 

1721+  F  Street,  N.U. 

'Jashington  25,  D.  C 

Attn:   Mr.  E.  3.  Jackson,  Chief, 

Office  of  Aeronautical  Intelligence 

Scientific  Information  Section         (  1) 

Research  Branch 

Research  and  Development  Division 

Office,  Assistant  Chief  of  Staff,  G-I4. 

Department  of  the  Army 

'Washington  25,  D.  C. 


:«!«^' 


,'  r 


